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PREFACE. 


The present small volume is intended to form a 
sound introduction to a study of the Differential Cal- 
culus suitable for the beginner . It does not therefore 
aitn at completeness, but rather at the omission of all 
portions which are usually considered best left for a 
later reading. At the same time it has been con- 
structed to include those parts of the subject pre- 
scribed in Schedule I. of the Regulations for the 
Mathematical Tripos Examination for the reading of 
students for Mathematical Honours in the University 
of Cambridge. 

Particular attention has been given to the examples 
which are freely interspersed throughout the text. For 
the most part they are of the simplest kind, requiring 
but little analytical skill. Yet it is hoped they will 
prove sufficient to give practice in the processes they 
are intended to illustrate. 

It is assumed that in commencing to work at the 
Differential Calculus the student possesses a fair know- 
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ledge of Algebra as far as the Exponential and Logarith- 
mic Theorems ; of Trigonometry as far as Demoivre’s 
Theorem, and of the rudiments of Cartesian Geometry 
as far as the equations of the several Conic Sections in 
their simplest forms. 

Being to some extent an abbreviation of my larger 
Treatise my acknowledgments are due to the same 
authorities as there mentioned. My thanks are also 
due to several friends for useful suggestions with regard 
to the desirable scope of the book. 

Any suggestions for its improvement or for its 
better adaptation to the requirements of junior 
students, or lists of errata, will be gratefully received. 

JOSEPH EDWARDS. 


80 , Cambbidge Gardens, 
North Kensington, W. 
December , 1892 . 
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DIFFERENTIAL CALCULUS. 


CHAPTER I. 

LIMITING VALUES. ELEMENTARY UNDETERMINED 
FORMS. 

1. Object of the Differential Calculus. When 
an increasing or decreasing quantity is made the subject 
of mathematical treatment, it often becomes necessary 
to estimate its rate of growth. It is our principal object 
to describe the method to be employed and to exhibit 
applications of the processes described. 

2. Explanation of Terms. The frequently re- 
curring terms “Constant,” “Variable,” “Function,” will 
be understood from the following example : 

Let the student imagine a triangle of which two sides x, y are 
unknown but of which the angle (A) included between those sides is 
known. The area (A) is expressed by 

A=i%y sin A. 

The quantity A is a “constant ” for by hypothesis it retains the same 
value, though the sides x and y may change in length while the 
triangle is under observation. The quantities x t y and A are there- 
fore called variables. A, whose value depends upon those of x and y, 
is called the dependent variable ; x and y, whose values may be any 
whatever,, and may either or both take up any values which may be 
assigned to them, are called independent variables. 

The quantity A whose value thus depends upon those of x t y and 
A is said to be a function of x, y and A. 

E. D. C. ©F 1 
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3. Definitions. We are thus led to the following 
definitions : 

(a) A Constant is a quantity which , during any set 
of mathematical operations, retains the same value , . 

(b) A Variable is a quantity which, during any set of 
mathematical operations, does not retain the same value 
hut is capable of assuming different values. 

(c) An Independent Variable is one which may 
take up any arbitrary value that may be assigned to it. 

( d ) A Dependent Variable is one which assumes 
its value in consequence of some second variable or system 
of variables taking up any set of arbitrary values that 
may be assigned to them. 

(e) When one quantity depends upon another or upon 
a system of others in such a manner as to assume a 
definite value when a system of definite values is given to 
the others it is called a function of those others. 

4. Notation. The usual notation to express that 
one variable y is a function of another x is 

y =/(#) or y = F{x) or y = <j> (x). 

Occasionally the brackets are dispensed with when no 
confusion can thereby arise. Thus fx may be sometimes 
written for f{x). If u be an unknown function of 
several variables x, y, z, we may express the fact by the 
equation u = f{x, y, z). 

5. It has become conventional to use the letters 
a, b, c... a, fi,y... from the beginning of the alphabet 
to denote constants and to retam later letters, such as 
u, v, w, x, y, z and the Greek letters rj, f for variables. 

6. Limiting Values. The following illustrations 
will explain the meaning of the term “ Limiting 
Value 
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LIMITING VALUES. 


(1) We say a 6 = §, by which we mean that by taking enough sizes 
we can make *666... differ by as little as we please from §. 

(2) The limit of when x is indefinitely diminished is 8. 

a;+l 

For the difference between and 3 is — — , and by diminishing 
x *4* X x *4“ 1 

x indefinitely this difference can be made less than any assignable 
quantity however small . 


The expression can also be written 


2 + * 
X 

7 ?- 

x 


, which shews that if x 


be increased indefinitely it can be made to continually approach and 
to differ by less than any assignable quantity from 2, which is there- 
fore its limit in that case. 

It is useful to adopt the notation Lt x=a to denote 
the words “the Limit when #= a of.” 


Thus 


2x + 8 2x -1- 3 

Lt x=s0 ———=zS ; Lt x:a0i — — -?=2 
x + 1 * * " x+1 


(3) If an equilateral polygon be inscribed in any closed curve and 
the sides of the polygon be decreased indefinitely, and at the same 
time their number be increased indefinitely, the polygon continually 
approximates to. the form of the curve, and ultimately differs from it 
in area by less than any assignable magnitude , and the curve is said to 
be the limit of the polygon inscribed in it. 


7. We thus arrive at the following general defini- 
tion: 

Def. The Limit of a function for an assigned value 
of the independent variable is that value from which the 
function may be made to differ by less than any assign- 
able quantity however small by making the independent 
variable approach sufficiently near its assigned value . 

8. Undetermined forms. When a function in- 
volves the independent variable in such a manner that 
for a certain assigned value of that variable its value 
cannot be found by simply substituting that value of the 
variable, the function is said to take an undetermined 
form. 

1—2 
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One of the commonest cases occurring is that of a 
fraction whose numerator and denominator both vanish 
for the value of the variable referred to. 

Let the student imagine a triangle whose sides are 
made of a material capable of shrinking indefinitely till 
they are smaller than any conceivable quantity. To fix 
the ideas suppose it to be originally a triangle whose 
sides are 3, 4 and 5 inches long, and suppose that the 
shrinkage is uniform. As the shrinkage proceeds the 
sides retain the same mutual ratio and may at any 
instant be written 3m, 4m, 5m and the angles remain 
unaltered. It thus appears that though each of these 
sides is ultimately immeasurably small, and to all prac- 
tical purposes zero, they still retain the same mutual ratio 
3:4:5 which they had before the shrinkage began. 

These considerations should convince the student 
that the ultimate ratio of two vanishing quantities is not 
necessarily zero or unity. 

/pS Q% 

9. Consider the fraction : what is its value 

x — a 

when x—a' 1 . Both numerator and denominator vanish 
when x is put = a. But it would be incorrect to assume 
that the fiction therefore takes the value unity. It is 
equally incorrect to suppose the value to be zero for the 
reason that its numerator is evanescent ; or that it is 
infinite since its denominator is evanescent, as the 
beginner is often fallaciously led to believe. If we wish 
to evaluate this expression we must never put x actually 
equal to a. We may however put x = a + h where h is 
anything other than zero. 

Thus — — — = 2a H- A, 

x — a 

and it is now apparent that by making A indefinitely 
small (so that the value of x is made to approach inde- 
finitely closely to its assigned value a) we may make the 
expression differ from 2a by less than any assignable 
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quantity. Therefore 2 a is the limiting value of the 
given fraction. 

10. Two functions of the same independent variable 
are said to be ultimately equal when as the independent 
variable approaches indefinitely near its assigned value 
the limit of their ratio is unity. 

Thus Lt e =o = 1 by trigonometry, 

and therefore when an angle is indefinitely diminished 
its sine and its circular measure are ultimately equal. 


EXAMPLES. 


1. 


3. 

4* 


Find the limit when a?=0 of 

(а) when y—mx^ 

(б) when y=^2/a, 

(c) when y — ax 3 4- b. 

Find Lt > (i) whena?=0, (ii) when#=oo. 


Find Lt x „ 


a^-a 3 Ts a^-a 4 Ta a?-a 6 

o~ — rri ~ 5 Tjj Tg • 

x—a x — a x* — a* 


Find the limit of >■ ■ ^ , (i) when #=0, (ii) when x= oo . 


5. 


Find Lt x 


3a^-4r+l 
1 0*-4*+3 ‘ 


• 6. The opposite angles of a cyclic quadrilateral are supple- 
mentary. 'What does this proposition become in the limit when 
two angular points ooincide 1 


7. Evaluate the fraction 
x=oo,3,2, l,i, |,0, -oo. 


^-d^+lLr-e 

a?- 3 -6or a +lla?-i-6 


for the values 


8. Evaluate Lt Ximl ^ — - and Lt xw0 ^-— X ~ — - . 

Vff-1 x 
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1L Four Important Limits. The following 
hmitfl are important : 

(I) =1; Zr<#_ o co80=l, 

III) Lt x . ^~ Y = n, 

X — 1 

(III) Lt 9mV , (l + “) = where e is the base of the 

' x Napierian logarithms, 

(IV) Lt xm0 — = log« o. 

X 


12, (I) The limits (I) can be found in any standard 
text- book on Plane Trigonometry. 


rtnH _ 1 

13, (II) To prove 


=n. Letx=l+z. Then 


when x approaches unity z approaches zero. Hence we 
can consider z to be less than 1, and we may therefore 
apply the Binomial to the expansion of (1 + z) n what- 
ever n may be. 


Thus 


Lt Xm l 


x n -l 
x — 1 


Ltg = Q 


(l + *) n -l 
z 


nz -f- 


-ft 


n(n — 1) 

1.2 




' 2=0 1 


-ft 


, j ,n(n— 1) ) 

•zm — j— 2~ z+.,.>=n. 


14 (III) To prove ^ = e. 

Lot 2'=( 1 + ^)*> 

then log, y = x log, (l + ^) • 
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FOUR IMPORTANT LIMITS 


Now x is about to become infinitely large, and there- 
fore - may be throughout regarded as less than unity , 

X w 

and we may expand by the Logarithmic Theorem. 

Thus log* y = x- 


x 2 a? 3x* 


2 * 3 *» 


= 1 — x [a convergent series ]. 


Thus when x becomes infinitely large 
Lt log.y = 1, 
and Lty = e, 

1\* 


Le. 


24 ,«( 1 + ^) = c . 

COK. Lt x=a> {l+^j =^? = .{(l+f)“} -«“• 


15. (IV) To prove Lt x=0 — — - = log.a. 

X 

Assume the expansion for a * , viz. 

a x = 1 + x log.a + 2 | (log.a) 8 + . . . , 


which is shewn in Algebra to be a convergent seines. 


Hence 


a» — 1 

x 


= log. A + X 


2 ! 


+ ... 


= log*a +x x [a convergent series ]. 

And the limit of the right-hand side, when x is in- 
definitely diminished, is clearly log* a. 
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16. Method of procedure. The rule for evaluating 


a function which takes the undetermined form - when 


the independent variable x ultimately coincides with its 
assigned value a is as, follows : — • 

Put x = a + h and expand both numerator and deno- 
minator of the fraction. It will now become apparent 
that the reason why both numerator and denominator 
ultimately vanish is that some power of h is a common 
factor of each. This should now be divided out Finally 
let h diminish indefinitely so that x becomes ultimately 
a, and the true limiting value of the function will be 
clear. 

In the particular case in which a? is to become zero 
the expansion of numerator and denominator in powers 
of x should be at once proceeded with without any pre- 
liminary substitution for x. 

In the case in which a? is to become infinite, put 


1 


y 

so that when x becomes oo , y becomes 0. 

Several other undetermined forms occur, viz. 0 x oo , 


— , oo — oo , 0°, oo °, i °°, but they may be made to depend 
upon the form - by special artifices. 


The method thus indicated will be best understood 
by examining the mode of solution of the following 
examples : — 


Ex. 1. Find 


Lt x 


x 7 -2x*+l 


This is of the form ^ if we put x=l. Therefore we put x=l + h 
and expand. We thus obtain 

rj , * 7 -2x*+l_ (l + h)7_2(l+A)'+l 
it,= *x*-3x*+2 *” a (l + h)»-3(l + ft) a +2 


Digitized by Google 



UNDETERMINED FORMS. 


9 


(l + 7h+21/i 2 + ...) - 2 (l + 5h+10k i + ...) + l 
(l + 3fc+3fr i +,..)-B(l + 2fc+/i 2 ) + 2 


=Lt km , 0 


=X»t»* o 

_ j-3_ 

~ -3“ 


-3h+fc 2 +... 
-3 h+... 

-3 + *+... 
-3+ ... 

1 . 


It will be seen from this example that in the process of expansion 
it is only necessary in general to retain a few of the lowest powers of h. 


a x -b* 

Ex. 2, 'Find Lt Mat . • 

x 1 ' / 

Here numerator and denominator both vanish if x be pat equal to 0. 
We therefore expand a x and b x by the exponential theorem. , 1 Hence 


Lt xmm0 


a*-V 

x 


— Ltm : 


-l+a;log,a+|j(log,a) 2 +... - - • l+a?log«6 + |j (log,&) 2 +... - 


=it „0 |log.o - log, 6 + H (log.a^-log.ftl*) + ...j- 


=log,o-log,6=log,|. 


1 


Ex. 3. Find 


Since 

tan x _ 1 sint 

~~x cos x * x ’ 

we have 

tana? „ 

X 

Hence the form assumed by j is an undetermined form 

when we put x=0. 


Expand sin x and oosx in powers of x. This gives 



1 ® 
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_1 

( X* \*» 

1+— + higher powers of xj 

where l is a series in ascending powers of x whose first term (and 
therefore whose limit when x=0) is unity. Hence 

=Lt.., |(l+^)^’=«i,byArt. 14. 

1 

Ex. 4. Find Lt m ~ x x 1 -*. 

This expression is of the undetermined form 1®. 

Put l-x=y, 

and therefore, if x = 1, y = 0 ; 

i 

therefore Limit required =Lt Vm , 0 (1 - y)v=e~ l (Art. 14). 

l 

Ex. 5. Lt ma=m x(a*- 1). 

This is of the undetermined form oo x 0. 

Put x=-, 

y 

therefore, if x= <® , y= 0, 

qJH _ X 

and Limit required =Lt g=afi — — =log # a (Art. 15). 

17. The following Algebraical and Trigonometrical series are 
added, as they are wanted for immediate use. They should be learnt 
thoroughly. 

( l + ,)^ 1+ n, + ^x» + ?>- 1 ); n 3 - 2 ) ^ + 

(l-x)--=l + «x + l^ ) x* + B J^^x» + 

a-=l + xlog.a + ^^ + fli^L% 
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log,(l+*) = 

log,(l-*) = 
1 , 1 +* 


tan“ 1 *= 


008 X = 


cosh x j^which = 
srnhx TwhichE 


x* x* x 4 

*~2 + 3~ 4 + 

x» x* x 4 

~ X ~2 3 “ 4“ 

x* x* 

X+ 3 + 5 + 

x* x» 

X "3 + 5- 

t x* x 4 

‘-Sl + il- 

** *» 

* - 31 + 5! - 

^±£^1=1+^+^+ 

2 J + 21 + 4! + 

e*-e~-l ** *» 

2 J =x+ 3! + 5! + ' 


CTAWW.m 

Find the values of the following limits : 
a*-l „ **-l 


x"- 1 


1. 2. ^.-1^- 3. ^. 1 ^ rr ; 


4. Z<*_ 


'*™0 


(l+x)»- 1 


_ . a^+x* — x*— 5x+4 

5. ^*-1— s^n^+r • 


6. ^rz 

8 ^ g±fZzj 

a. ^*-o ^ 


x 6 -2x*-4x*+9x-4 


. 7. Lt Xm 


&-er 


A y , x cos x — log, (1 + x) 

»• Me-o • 


10. Z*« 


xe*-log,(l+x) 

0 ^ ‘ 


_ sin -1 x—x 

n - ^--58555- 

14. A “” _1 " 


X ~ 0 tan _1 x* 


11. A,« 0 
13. Z*«_ 0 
15. Lt s 


x— sinxcosx 
x* * 
cosh x - cos x 
xsinx 
sin _1 x— sinhx 
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16* 


xco&x - log,(l + x) - sin” 1 — 


"3T 

Sra.+ilosg-a.' 

17. U... 3 


19. Lt x _ 


* — sinir* 




21. 

|T 

1 

O 


22. 




1_ 


l 

23. 

1? 

1 

e 

^sin 

24. 

M*-T- 

25. 

■^ss-0 

i 

(covers x)*. 

26. 

Lt Xmm z (cosec ar) t * n **. 
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CHAPTER II. 

DIFFERENTIATION FROM THE DEFINITION. 

18. Tangent of a Curve; Definition; Direction. 

Let AB be an arc of a curve traced in the plane of the 
paper, OX a fixed straight line in the same plane. Let 



P, Q, be two points on the curve; PM, QN, perpen- 
diculars on OX, and PR the perpendicular from P on 
QN. Join P, Q, and let QP be produced to cut OX 
at T : 

When Q, travelling along the curve, approaches in- 
definitely near to P, the limiting position of chord QP is 
called the tangent at P. QR and PR both ultimately 
vanish, but the limit of their ratio is in general finite; 

for Ltjf£=*Lt tan RPQ s= Lt tan XTP = tangent of ike 

angle which the tangent at P to the curve makes with 
OX. 
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If y = <£(#) be the equation of the curve and x, 
x + h the abscissae of the points P, Q respectively ; 
then MP = $(&)> NQ = <f>(x + h), RQ = <f>(x + h) — <f>(x) 
and PR = h. 

Thm + 

Hence, to draw the tangent at any point (x, y ) on the 
curve y = we must draw a line through that point, 
making with the axis of x an angle whose tangent is 

T. <f>(x + h)-4>(x)' 

^ z h=0 yT , 

and if this limit be called m, the equation of the tangent 
at P (x, y) will be 

Y-y = m(X-x\ 

X, Y being the current co-ordinates of any point on the 
tangent ; for the line represented by this equation goes 
through the point (x, y), and makes with tne axis of x 
an angle whose tangent is m. 


19. Def. — Differential Coefficient. 

Let <f>(x) denote any function of x, and (f>(x + h) the 

same function of x + h; then Lt%= ^ 

called the first derived function or differential 
coefficient of <f> (x) with respect to x. 

The operation of finding this limit is called differ - 
entiating $ (x). 


20. Geometrical meaning. The geometrical 
meaning of the above limit is indicated in the last article, 
where it is shewn to be the tangent of the angle yjr which 
the tangent at any definite point (x, y) on the curve 
y = <f> (x) makes with the axis of x. 

21. We can now find the differential coefficient of 
any proposed function by investigating the value of the 
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above limit ; but it will be seen later on that, by means 
of certain rules to be established in Chap. III. and a 
knowledge of the differential coefficients of certain 
standard forms to be investigated in Chap. IV., we can 
always avoid the labour of an ab initio evaluation. 

gS 

Ex. 1. Find from the definition the differential coefficient of — . 

a 

where a is constant ; and the equation of the tangent to the carve 
ay=x*. 

Here </>(x)=^, 

<l>{x+h) = (- 


therefore 


2xh+h* 


2x 
a " 


The geometrical interpretation of this result is that, if a tangent 
be drawn to the parabola ay=x 8 at the point (x, y ), it will be inclined 

to the axis of x at the angle tan -1 — . 

a 

The equation of the tangent is therefore 
Y-yJ-?(X-x). 


Ex. 2. Find from the definition the differential coefficient of 
log, sin-, where a is a constant. 

d 

X 

Here <f> (a;) = log, sin - , 


and . . x + h , . x 

T if>(x+h)-<l>(x) T a a 

"^“0 jr — -L>h=Q 


. x h x . h 

- sm - cos - + cos - sm - 
1. a a a a 

log, 

sm - 
a 

=Lt hwm0 ~ log, ^1 + ^ cot ^ - higher powers of 
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|jjy substituting for sin 5 and cos ^ their expansions in powers of 


~ Lt) 


^ cot ? - higher powers of h 


*-o J 

[by expanding the logarithm] 

1 x 
= - cot - . 
a a 


Hence the tangent at any point on the curve log, sin ? is inclined 

to the axis of x at an angle whose tangent is cot ^ ; that is at an angle 
^ ? , and the equation of the tangent at the point x , y is 

r-p^oot^pr-*). 


P.TAMPT.BH 

Find the equation of the tangent at the point (#, y) on each 
of the following curves: 

1. y=a?. 2. y=x*. 3. y-V*. 

4 . y=x 2 +x 3 . 5. y = sin x. 6. y=e x . 

7. y=log,#. 8. y=tan x. 9. o,* 2 +y 2 =c 2 . 

10. x 2 /a 2 +y 2 lb 2 —l. 

22. Notation. It is convenient to use the notation 
Bx for the same quantity which we have denoted by h, 
viz. a small but finite increase in the value of x. We 
may similarly denote by By the consequent change in the 
value of y . Thus if (x, y), {x + Bx, y + By) be contiguous 
points upon a given curve y = <f> (x), we have 

y + By = <f>(x + Bx), 

and By = <j>(x + Bx) — <f> (x). 

Thus the differential coefficient 

Tf 4(x+Bx) -4>(x) 

s; 
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may be written 


Tt ^ 


which more directly indicates the geometrical meaning 

Lt W 

Ltp *~« PR 

pointed out in Art. 18. 

The result of the operation expressed by 


t* 4>(<c + h)-<l>(ai) 
o ^ » 


or by Lt, 

is denoted by 


Sy 

tx =°Bx’ 

d dy 


The student must guard against the fallacious nation 
that dx and dy are separate small quantities , as Sx and 

Sy are. He must remember that ~ is a symbol of 

operation which when applied to any function <f>(x) 
means that we are 

(1) to increase x to # + A, 

(2) to subtract the original value of the function, 

(3) to divide the remainder by h , 

(4) to evaluate the limit when h ultimately vanishes . 
Other notations expressing the same thing are 

^ < f h > y 1 ' y> y* 


EXAMPLES. 

Find ^ in the following cases : 

1. y=2ar. 2. y= 2+x. 3. y=2+3#. 

B. D. c. 2 
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4. y-2+3**. 
7. y= ? +«- 

10. y=« Vi . 

13. y=xsinx. 


* 

8 . 3 f=*a*/x. 

11. *=«**. 

sinx 
!4. y=— . 


*• y=i+®- 
9. 3 r=Vx*+a* 
12. 3r=log g aecx. 
15. y=x*. 


23. Aspect of the Differential Coefficient as a 
Bate-Measurer. When a particle is in motion in a 
given manner the space described is a function of the 
time of describing it. We may consider the time as an 
independent variable, and the space described in that 
time as the dependent variable. 

The rate of change of position of the particle is 
called its velocity. 

If wniform the velocity is measured by the space 
described in one second ; if variable , the velocity at any 
instant is measured by the space which would be 
described in one second if, for that second, the velocity 
remained unchanged. 

Suppose a space 8 to have been described in time t 
with varying velocity, and an additional space Ss to be 
described in the additional time St. Let v 1 and v 2 be 
the greatest and least values of the velocity during 
the interval St ; then the spaces which would have been 
described with uniform velocities v l9 v 2i in time St are 
ViSt and v a St, and are respectively greater and less than 
the actual space Ss. 


Hence v u ^ , and v % are in descending order of mag- 


nitude. 


1 f then St be diminished indefinitely, we have in the 
limit v, =» v % * the velocity at the instant considered, 

& ds 

which is therefore represented by Lt^ > i-®- by ^ . 
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24 It appears therefore that we may give another in* 

ds 

terpretation to a differential coefficient, viz. that ^ means 


the rate of increase of s in point of time . Similarly 
^ , mean the rates of change of x and y respectively 

in point of time, and measure the velocities, resolved 
parallel to the axes, of a moving particle whose co- 
ordinates at the instant under consideration are x, y. 
If x and y be given functions of t, and therefore the 
path of the particle defined, and if Zx, Zy, Zt, be simul- 
taneous infinitesimal increments of x, y, t, then 

Sy dy 

^y_ Tf h- - * 

dx Sx Tx ctx 
St dt 


and therefore represents the ratio of the rate of change 
of y to that of x . The rate of change of x is arbitrary, 
and if we choose it to be unit velocity, then 

^ = absolute rate of change of y. 


25. Meaning of Sign of Differential Coefficient. 

If x be increasing with t, the ^-velocity is positive, 
whilst, if x be decreasing while t increases, that velocity 
is negative. Similarly for y. 

dy 

Moreover, since ^ = is positive when x and y 

dt 

increase or decrease together , but negative when one in- 
creases as the other decreases . 

This is obvious also from the geometrical inter- 
pretation of ^ . For, if x and y are increasing together, 

2—2 
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is the tangent of an acute angle and therefore positive , 

while if, as x increases y decreases , ^ represents the 
tangent of an obtuse angle and is negative . 


26. The above article frequently affords important 
information with regard to the sign of a given expression. 
For if, for instance, <f>(x) be a continuous function which 
is positive when x = a and when x=b, and if <f>' (x) be 
of one sign for all values of x lying between a and b so 
that it is known that <f> (x) is always increasing or 
always decreasing from the one value </> (a) to the other 
j p(b), it will follow that <f>(x) must be positive for all 
intermediate values of x . 

Ex. Let <f>(x)=z(x-l)e x +l. 

Here <p (0)=0 and <p’ (x) =£<»,„ ( x . +h ~ 1 '> 

_ (x + h-l)(l + h+...)-(x-l) ^ 

=Ltk -o h ■ 

_ hx + higher powers of h «. * 

=Lt hmm0 ^ 

So that 4> (x) is positive for aU positive values of x . Therefore as x 
inoreases from 0 to od , <p (x) is always increasing. Hence since its 
initial value is zero the expression is positive for all positive values 
of x . 


EXAMPLES. 

1. Differentiate the following expressions, and shew that 
they are each positive for all positive values of x : 

(i) (x—2)e?+x+2, 

(ii) (#-3)e*+~ + 2#+3, 

(iii) log* (1+#). 

X 

2. In the curve y=ce°> if be the angle which the tangent 
at any point makes with the axis of 4?, prove y=c tan y/r. 

3. In the curve y =c cosh prove y =c sec yjr. 
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4. In the curve Sb^—x 3 - 3a# 2 find the points at which the 
tangent is parallel to the axis of #. 

[N.B. — This requires that tan^=0.] 

5. Find at what points of the ellipse # 2 /a 2 +y 2 /6 2 = 1 the 
tangent cuts off equal intercepts from the axes. 

[N.B. — This requires that tan y/r= +1.] 

6. Prove that if a particle move so that the space described 
is proportional to the square of the time of description, the 
velocity will be proportional to the time, and the rate of increase 
of the velocity will be constant. 

7. Shew that if a particle moves so that the space described 
is given bv 8 oc sin pt, where p is a constant, the rate of increase 
of the velocity is proportional to the distance of the particle 
measured along its path from a fixed position. 

8. Shew that the function 

x sin x + cos #+ cos 2 # 

continually diminishes as x increases from 0 to ir/2. 

9. If y = 2# - tan" 1 x - log* (#+ Vl +#*), 

shew that y continually increases as x changes from zero to 
positive infinity. 

10. A triangle has two of its angular points at (a, 0), (0, 5), 

and the third (#, y) is moveable along the line y=#. Shew that 
if A be its area ja 

and interpret this result geometrically. 

11. If A be the area of a circle of radius #, shew that the 

cf A 

circumference is . Interpret this geometrically. 

12. 0 is a given point and NP a given straight line upon 
which ON is the perpendicular. The radius OP rotates about 
0 with the constant angular velocity <u. Shew that NP 
increases at the rate 

«. ON sec 2 NOP. 
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FUNDAMENTAL PROPOSITIONS. 


27. It will often be convenient in proving standard 
results to denote by a small letter the function of x 
considered, and by the corresponding capital the same 
function of x + h, e.g. if u = <f> ( x ), then U = <f> (x + h), 
or if u = a* then U = a* +A . 

Accordingly we shall have 

du T TJ—u 

di= Lth -*—fr' 

dv T V — v 

-JT> 

etc. 

We now proceed to the consideration of several im- 
portant propositions. 


28. Prop. I. The Differential Coefficient of any 

Constant is sero. This proposition will be obvious 
when we refer to the definition of a constant quantity. 

A constant is essentially a quantity of which there is 
no variation, so that if y = c, Sy = absolute zero what- 


ever may r* 


™ value of Sx. 


Hence = 0 and 
ox 



i 


xnit is taken. 


- c is the equation of a straight line parallel 
r*nnt of itg length it is its own tangent and 
-« ‘th the x-axis. 
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29. Pbop.II. Product of Constant and Function. 

The differential co efficient of a product of a constant and 
a function of x is equal to the product of the constant 
and the differential coefficient of the function , or, stated 
algebraically, 

d , x du 

5 W -‘S' 

For ^ (cu) = - cLt hml> ^ ” 



30. Prop. III. Differential Coefficient of a Sum. 

The differential coefficient of the sum of a set of functions 
of x is the sum of the differential coefficients of the several 
functions. 

Let u, v, w,..., be the functions of x, and y their 
sum. 

Let U f F, Wy ..., Y be what these expressions 
severally become when x is changed to x + h. 

Then y = u + v + w+ ... 

F= *7+ F+TP + ..., 

and therefore 

Y-y = (U-u) + (V-v) + (W-w) + ...; 
dividing by h , 

Y—y U—u V—v W — w t 
~h~ h + ~IT + h + ”’ 
and taking the limit 

dy _ du + dv + dw 
dx dx dx dx 


If some of the connecting signs had been — instead 
of + a corresponding result would immediately follow, 
e.g. if 


y = u + v — w + ... 
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then 


dy _du ^ dv dw 
dx da? dx dx 




31. Prop. IY. The Differential Coefficient of 
the product of two Amotions is 

(First Function ) x (Diff. Coeff. of Second) 

4- (Second Function) x (Diff. Coeff. of First) y 
or, stated algebraically, 

d(uv) dv du 
dx ~ U dx + V dx ' 

With the same notation as before, let 

y = uv y and therefore Y = UV ; 
whence Y — y = UV — uv 

= m(F— v)+ F(Z7— u); 

therefore ~J~ == u ^ ~~J~~ 9 

and taking the limit 

dy dv . du 
dx U dx V dx' 


32. On division by uv the above result may be written 


1 dy _ 1 du | 1 dv 
y dx~~ udx^ v dx' 

Hence it is clear that the rule may be extended to pro- 
ducts of more functions than two. 


For example, if y = uvw ; let vw = 


Whence 

but 


1 dy du ^\dz 
y dx~ u dx~ z dx' 

1 dz 1 dv j 1 dw 
z dx v da? w dx 1 


z, then y = uz. 
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whence by substitution 

ydx u dx v dx^ w dx* 


Generally, if y = uvwt . . . 

1 cfy _ 1 cfa ^ 1 cfa ^ 1 rfw ^ 1 cfo ^ 
y dx~~ u dx^ v dx ^ w dx^~ t dx ’ 

and if we multiply by uvwt... we obtain 


dy 

dx 




i.e. multiply the differential coefficient of each separate 
function by the product of all the remaining functions 
and add up all the results ; the sum will be the differ- 
ential coefficient of the product of all the functions. 


33. Prop. V. The Differential Coefficient of a 
quotient of two functions is 

{Biff. Coeff. of Num r .) (Ben r .) - (Biff. Coeff. ofBen r .) (Num r .) 
Square of Bcnominator 

or, stated algebraically, 

du dv 
d (u\ dx dx 
dx \v) v* 


With the same notation as before, let 


y= 


u 
v ’ 


and therefore 


7 = 


U 

V ’ 


whence 


7-y 


U u 
V~v 


Uv— Vu 
Vv ’ 
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therefore 


Y-_y_ 
h ~ 


U-u V-v 

~r v — h~ u 

Tv 


and taking the limit 


du dv 
dy dx V dx U 
dx~~ 


34. To illustrate these rales let the student recall to memory the 
differential coefficients of a; 2 and a log, sin ^ established in Art. 21, viz. 

2x and cot ? respectively. 

Ex. 1. Thus if y=a?*+alog,sin^, 

we have by Prop. III. 2« + cot ^ . 


Ex. 2. If 

we have by Prop. IV. 
Ex. 3. If 


y=s 2 x a log, sin-, 
a 

^ = 2 x x a log- sin - + x 2 cot - . 
dx a a 


we have by Prop. V. 


_ a£. cot --2a?. clog, sin- 

dy a a 

dx~~ x 4 


examp les. 


[The following differential coefficients obtained as results of 
preceding examples may tor present purposes be assumed : 


a 

H 


y=«*» 

yi-*- 

y=A 

yi =4r». 

y= log,*, 

1 



y=tana?, 

y x =sec 2 a?. 

y = sin x } 

y 2 =cos x. 

y=log, sin 

x y y x = cot a?.] 
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Differentiate the following expressions by aid of the foregoing 
rules : 

1. a^sm#, jcMog*#, a 3 tans, x 3 log, sin x. 

2. a^/sin x, sinar/a? 4 , sin ar/e* **/sin x. 

3. tan x . log, sin x, e* log, x, su^ar/cosar. 

4. x 3 e x sinx y ar tan a? log* ar. 

5. x 3 sin x/e*, a£/e*sina?, l/arVsin x. 

6. 2 \[x. sin x y 3 tan x/sjx y 5+4«*/Vtf. 

7. e*(a?*+V*X (^+a?*)(<* logger). 


35. Function of a function. 


Suppose u =/(«) (1), 

where v = <f>(x) (2). 


If a? be changed to a? + Sx, v will become v + Sv, and 
in consequence u will become u + Su. 

Now if v had been first eliminated between equa- 
tions (1) and (2) we should have a result of the form 
u ** F(x) (3). 

This equation will be satisfied by the same simul- 
taneous values a? + Sx, u -f Su, which satisfy equations 
(1) and (2). Also 

Su _ Su Sv 
Sa?~ Sv * Sx 9 


and proceeding to the limit 

Lttz^Q = ^ as obtained from equation (3), 

Ltfr^Q a* ^ as obtained from equation (1), 

118 °^^ ne< ^ from equation (2). 


Thus 


du _ du d o 
dx~ dv * da? - 
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36. For instance, the diff. coeff. of x * is 2x, 1 ^ 

and of log, sin x is cot x.j 

Suppose u = (log, sin x )*, i.e. v* where v =log, sin x, then 

du du dv i 

— = — . — = 2t? . cot x= 2 cot x . log, sin x. 
dx dv dx 


37. It is obvious that the above result may be 
extended. For, if u = <f>(v), v = ^r( w\ w = /(#)> we have 

du _ du dv 
dx~ dv ' dx' 

, dv _ dv dw 

dx~~&» ‘ d^’ 


and therefore 


du _ du dv dw 
dx~~ dv ' dw ' dx' 


and a similar result holds however many functions there 
may be. 

The rule may be expressed thus : 

d(lttFum.) _ d (1st Func.) d (2nd Func .) d (Last Func . ) 
dx ~ d (2nd Func.) * d (3rd Func. ) dx 

or if u = <f>fy {F(jx)}\ 

(W*)}] X i^ifa)} X F (fa) xfx. 


Thus in the preceding Example 

d(log,sinx)* d(log,sinx)* d log, sin x 

-■*- * - = * - . — t. — ? = 2 log, sin x. cot x. 

dx d (log, sin x) dx ^ 

Again, 

d (log, sin x*) _ d (log, sin x*) dsin x* dx* 
dx d (sinx 2 ) dx* * dx 

= t~ — a . cos x* . 2x=2x cot x*. 
sinx* 
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38. Interchange of the dependent and inde- 
pendent variable. If in the theorem 

du __ du dy 
dcc~~ dy dx 

we put 

,, dw da? (a? + A) — a? ^ 

the, ‘ — S 

and we obtain the result 

dy dx _ 

55 * 5y ’ 

5 « 1 

° r 55 = Zr- 

dy 


39. The truth of this is also manifest geometrically, 

dy d*C 0 

for ^ and g- are respectively the tangent and the co- 
tangent of tlie angle yfr which the tangent to the curve 
y = f(x) makes with the a?-axis. 


40. This formula is very useful in the differentiation 
of an inverse function. 

Thus if we have y = f~\x), 

x=f(y), 


and 


dx 

dy 


=/(y). 


a form which we are supposing to have been investigated. 

Thus ^ — 1 — * 

dx f{y) f'[f~Hx)Y 
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P.YAMPT.P.S 

Assuming as before for present purposes the following differen- 
tial coefficients, 

-~x 5 =3x 2 , ~sfx— * , sin # = cos #, 

dx 9 dx v 2 >Jx dx 

d d . 1 d 

dx loSt * = i' ^tanx-sec**, 

write down the differential coefficients of the following com- 
binations : 

1. e 3 *, « _x , sin 3 x, *J sin #, \/log, #, Vtani, sin */x. 

2. e***, e 4 "*, «*, €*»•. 

3. log, sin #, log, tan #, log, \/#, log,# 3 . 

i sin log,#, tan log,#, Vsinlog,#, «/sin *Jx y log, sin *Jx. 
5. log, J sin V**, tan log, sin e ^ x - 
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STANDARD FORMS. 

41. It is the object of the present Chapter to 
investigate and tabulate the results of differentiating 
the several standard forms referred to in Art. 21. 

We shall always consider angles to be measured in 
circular measure, and all logarithms to be Napierian, 
unless the contrary is expressly stated. 

It will be remembered that if u = <f> (#), then, by the 
definition of a differential coefficient, 

du T <f> (x + h) — <f> (x) 

= 0 h * 

Differential Coefficient of of 1 . 
u = <f>(x) = x n , 

<f>(x + h)=;(x + h) n 9 

du T (x + h) n — a?' 

= 0 h 



Now, since A is to be ultimately zero, we may consider 
- to be less than unity, and we can therefore apply the 


42. 

If 

then 


and 
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( h\ n 

Binomial Theorem to expand ( 1 + -J > whatever be the 
value of n ; hence 


du T± aP f h , n (n — 1) h? 

a- i( ‘-Tfi + -T r -5 

»(»— l)(n — 2) A* 1 

+ - 3! ^ + -| 

= Lthmonai"^ 1 |l x (a convergent series) J 


= Lt hm0 nx”^ 1 - 


= naf >r ~\ 


43. It follows by Art. 35 that if u = [<f> («)]* then 
^ = n [</>(*)]*- 1 </>'(*). 


examples 


Write down the differential coefficients of 


L 

X, X™, 

x~\ xr 10 > xi, 

x&, x~$, t/x~*. 

2. 

(x+a,)', 

X*+ct*, x^+cfcy 

i i 

*+«’ */x+a' 

3. 

(ax+b)*, 

ax!*+by (ax) n +b, 

a(x+b ) n , cC*(x+b). 


a? 

xP at ofi 


4 . 

1+ * + 2l 

+ 3! + 4! + 5! + 



- a+b sfx */a+*/x f/a+$x ja+x */a+x 

ci/¥ * V V 

6. ^^bx+a ' (*+ a ) p (*+&)*» (x+a)>/(x+b)*. 


44. Differential Coefficient of a x . 

If u = <j)(x) — a*, 

(f>(x + h) = a® 4 *, 
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and 


Cor. 1. 
Cor. 2. 


du T a x+k — a* 
te = Uh =° h 


= a x Lt h=0 


a k — l 

h 


= a* log, a. [Art. 15.] 

If« = e* ^ = e* log,e = e*. 


It follows by Art. 35 that if « = e*^ x \ then 

s-“ UK *'<*>• 


45. 

If 


and 


Differential Coefficient of log a tc. 

u = <f>(x) = \og a x, 

<j>(x + h) = log 0 (<r + h), 

du T loga (x + h)- loga X 

fc = Ltk =° h 



Let ^ = z, so that if h = 0, z = oo ; therefore 


Cor. 1. 
Cor 2. 

then 


s. d. c. 


^ = i«,^Jl0ga(l+i) 

= ^logaC. [Art. 14.] 

If m = log,®, ^ = ^°ge« = ^- 

And it follows as before that if 
u = log € <f> (x), 
du _ 4>(x) 
dec <f> (x) * 


3 
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EXAMPLES. 

Write down the differential coefficients of 

g2je_i_g3x 

1. e 2 *, *”*, 0**, cosh a?, sinh#, — 

2. log Vi, log (#+a), log (a#+6), log (aafi+bx+c), 

. I +x . 1+# 2 - 

Iog i^* log ra> log *°- 

3. <Me‘ r ), <M lo g*)> ft>(*)]*, [<M«+*)] n > <#>[(«+*)*]• 

4. «*log(#+a), #*«*, «*.«*, 2* (degrees). 

5. log (#+«*), «*+log#, • «*/log#. 

6. log(#e*), log tf*. 


46. Differential Coefficient of sin x. 


u = <f> (x) = sin a?, 

^ (x + h) = sin (x -f h)y 

du T sin (x + h) — sin x 

te =Lth - 6 1 


= Lh=o 


2 sin ^ cos | 


. h 

,, Sm 2 / A\ 

= £fo=o ^ cos (a: + g ) 

2 

= cos a;. [Art. 11; I.] 

47. Differential Coefficient of cos x. 

If U = <f)(x) = COS X, 

<f>(x + h) = cos (a; + A), 

, dw T . cos (x + h) — cos x 

1 di = i4 = 0 1 
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• h 

T Sm 2 . / h\ 

= - sm (# + g/ 

2 

= — sin x. 

Cor. And as in previous cases the differential 
coefficients of sin <f> (a) and cos </> (a?) are respectively 

cos <f> ( x ) . <f>' (a?), 

and —sin <j> (x) . <f>' (x). 


EXAMPLES. 


Write down the differential coefficients of 

1. sin 2#, sin nx, sin* x, sin a 4 *, sin sjx. 

2. J sin \/5> log sin a:, log sin \/#, e“ n * 

3. sin TO #cos*#, sin m #/cos*#, sin*(w#*), e** sin bx. 

4 . sin x sin 2x sin 3x, sin# . sin 2#/sin 3#. 

5. cos x cos 2# cos 3#, cos p ax . cos« bx . cos r cx. 


48. The remaining circular functions can be differ- 
entiated from the definition in the same way. It is a 
little quicker however to proceed thus after obtaining 
the above results. 


(i) If y = tan x = 


sm x 
cos x J 


dy • 008 x ~ ( cos #) sin a? 

da? cos 2 a? 

cos 2 x + sin 2 x 


cos 2 a? 


= sec* x. 


3—2 
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r .\ Tr , cos a? 

(n) If y = cot ® = — — , 
v 7 J sin® 

dy (— sin ®) sin x — cos x (cos x) 

= ^ - cosec 3 ®. 

ax sin 3 ® 

(iii) If y = sec ® = (cos ®)n 1 , 

^ = (— 1) (cos ®) -3 ^ (cos ®) = = sec x tan x. 

(iv) If y = cosec x = (sin ®)” 1 , 

dy /-.X/* d / . v cos ® 

= (— 1) (sm ®)~ 3 j- (sin ®) = — . „ = — cosec x cot ®. 
dx v 7 d® v 7 sin 3 ® 

(v) If y = vers ® = 1 — cos ®, 

<h_, 


dx 


= sm®. 


(vi) If y= covers® — 

dy = 

dx 


1 — sin ®, 
— cos®. 


49. Differentiation of the inverse functions. 

We may deduce the differential coefficients of all 
the inverse functions directly from the definition as 
shewn below. 

For this method it seems useful to recur to the 
notation of Art. 27 and to denote <f>(x + h) by U. 


60. Then if u = (®) = sin"" 1 ®, 

U=<f>(x+h) = sin” 1 (® + h). 
Hence ® = sin u, and ® 4- A = sin U ; 

therefore h = sin U — sin u, 


and 


du T U—u T U—u 

dx~~ hm9 h * 
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U — u \ 


— Ltv=u " 


sin- 


U-u\ 


cos - 


1 

t r+u 

~2 

1 


cos u 7l-sin a w Jl-a?' 

and the remaining inverse functions may be differen- 
tiated similarly. 

51. But the method indicated in the preceding 
chapter (Art. 40) for inverse functions simplifies ana 
shortens the work considerably. 

Thus: — 

(i) If 
we have 

whence 
and therefore 


u = sm" 1 x, 
x = sin u ; 
dx 

-v- = cos u ; 
du 

du _ 1 _ ] 

dx~~^x 
du 


cos u 


\/l — sin a w Jl — a?’ 


and since cos*” 1 x = ^ — sin -1 a?, 


we have 


d cos” 1 x 


dx Jl-a*' 

(ii) If w = tan” 1 a?, 
a? = tan u; 


we have 
whence 


dx 

j- = sec a w ; 
aw 


and therefore ^ = 


dw 

da?* 


sec*w l + tan a w l + a?*’ 


and since cot” 1 x = ^ — tan” 1 a?, 
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we have 


(iii) If 
we have 


DIFFERENTIAL CALCULUS. 

d cot -1 x _ 1 

dx 1 +a?' 

u = sec” 1 x, 
x = sec u ; 


whence 
and therefore 


^ = sec w tan tj ; 


dx 
du 

du _ cos 2 u 
dx 


sm u 


and since cosec” 1 x = ^ — sec” 1 a?; 

, d (cosec” 1 #) 1 

we have — — -= 7 = . 

doc xs/a?- 1 




(iv) If 

we have 
whence 


u = vers” 1 a?, 


a? = vers w = 1 — cos w ; 
cfcc 

T =sinM; 

aw 


and therefore ^ = -J— = 


whence also 


dx sin u J\ — cos a u J 2 x - a? 9 
d covers” 1 x 1 


dx 


J2x — a? 


EXAMP LES. 

Write down the differential coefficients of each of the follow- 
ing expressions : 

1. sec# 2 , sec -1 # 2 , tan# 2 , tan” 1 # 2 , vers# 2 , vers” 1 # 2 . 

2. tan -1 e* tan 6*, log tan#, log tan” 1 #, log (tan#)” 1 . 

3. vers” 1 -, vers” 1 (#+a), tan -1 - , cos” 1 ~^ 9 . 

4. Vcovers#, tan*#*, (tan” 1 #*>)«, # log tan” 1 #. 

5. tan#, sin” 1 #, sec” 1 tan#, tan” 1 sec#, e*sin -1 #. 
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Table of Results to be committed 


14 = #“. 

di4 _ . 

j- = w#*” 1 . 

dx 

< 

n 

3 

du 

^ =alog<a - 

i4 = e*. 

di4 

dx~*- 


U = log*#. 


14 as log,#. 
14 as sin #. 


14 = COS #. 


14 = tan a?. 


C?14 1 , 


du _ 1 
dx~ x' 


du 

-j- =C08#. 

dx 

du 

j- = 

dx 


du 

dx 


= sec 3 a;. 


14 = cot #. 
14 = sec a:. 


14 = cosec #. 


14 = sin*" 1 a?. 
14 = cos” 1 a?. 
14 = tan” 1 x . 


14 = cot” 1 a:. 


du 

j- = — cosec* a?. 
dx 


du 

sin# 


dx 

cos*# * 


du 

cos# 


dx ~ 

sin* # * 


du 

i 

\ 

dx — 

Jl—a? 


du _ 

1 


dx ~ 

VI-** / 

di4 

1 1 

1 


dx ”1 + #* 
dl4 __ 1 ( 

d# 1 + a? 2 , 


39 

TO 
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u = sec” 1 #. 


u sa cosec” 1 x. 


du 1 

dx~~ x Jo? — 1 

du 1 

a; — 1 


u = vers” 1 a?. 
u = covers” 1 


dtt. _ 1 ' 

dx~^JZx-a* 

x du _ 1 

’ JZx-a?' 


53. The Form u v . Logarithmic Differentiation. 

In functions of the form u v , where both u and v are 
functions of x, it is generally advisable to take logarithms 
before proceeding to differentiate. 


Let 

y = < 

then 

log e y = vlog e u] 

therefore 

= S • l0g< “ + V ' ArtS ‘ 31 ’ 45> 

or 

dy m /. dv v du\ 

dx~ U \ °% eU * dx+ u dx) * 


Three cases of this proposition present themselves. 

dv 

I. If v he a constant and u a function of x, ^ = 0 
and the above reduces to 


dx 


du 

~dx' 


as might be expected from Art. 43. 
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II. If u be a constant and v a function of x, ^ = 0 

and the general form proved above reduces to 
dy _ , dv 

as might be expected from Art. 44. 


III. If u and v be both functions of x, it appears 
that the general formula 


dy 

dx 


* i dv . _ . du 

= uXo & u dx+ VU dx 


is the sum of the two special forms in I. and II., and 
therefore we may, instead of taking logarithms in any 
particular example, consider first u constant and then v 
constant and add the results obtained on these supposi- 
tions . 


Ex. 1. Thus if y = (sin x) x , 

logy =x log Bin x ; 

therefore i ^|=log sin x+x cot x, 

dy 

and ^=(sin a;)* {log sin a; ootx}. 


Ex. 2. In cases such as y = a? + (sin x) x , we cannot take logarithms 
directly. Let u=x z and v = (sin x) x . 


Then 

dy du dv 
dx~ dx dx' 

But 

log u=x log X, 

and 

log v=x log sin a;; 

whence 


and 

(sin x) x {log sin x +x cot «}, 

and 

^=x*{l+log x} + (sin x)*{log sin * + x cot a?}. 


The above compound process is called Logarithmic 
differentiation and is useful whenever variables occur 
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as an index or when the expression to be differentiated 
consists of a product of several involved factors. 


EXAMPLES. 

1. Differentiate a? -11 *, (sin -1 a?)*, a?*. 

2. Differentiate (sma?) OM *+(cosa?)* ta *, (tan 

3. Differentiate tana?xloga?xe*xa?*x *Jx. 


54. Transformations. Occasionally an Algebraic 
or Trigonometrical transformation before beginning to 
differentiate will much shorten the work. 

(i) For instance, suppose 

, ‘ 2x 
y=tan 

y=2 tan -1 x; 
dy _ 2 

dx l+« a * 


We observe that 
whence 


(ii) Suppose 
Here 

and therefore 

(iii) If 

we have y=tan~ 1 


, . 1+a: 

y =tual rr x - 

y=tan“ 1 x+tan” 1 1, 
dy__ 1 
dx~l+z*’ 

y Jl+tf+Jl-X* 


1- 


l-a« 

l + s 3 t A 
— — =-- tan -1 


1 + 


/ng 4 

vw 


l+*» 4 2 ’ 


• d y — x 

“ 

EXAMPLES. 

Differentiate : 

1. tan~ x ^ ^ . 2. tan" 1 ^- 8. tan -1 — - . 

1-&T 2 q+px x 

4. tan -1 J?L , . 5. e** x . 6. sec -1 — 9 . 

— I — 2a? 2 
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7. see tan -1 #. 8. cos -1 


x—xr l 


x+x 


-i* 


9. sin " 1 (Zx - 4T 3 ). 

— 2\l) 


10 - *“ l T^f- 1L coe_1 < 1 - 2 **)- “• 

55. Examples of Differentiation. 

Ex. 1. Let y=s/z, where £ is a known function of x. 


Here 
and 

whenoe 


y=z*> 

dz "2 ,Jz' 

dy dy dz 


1 dz 
~2„Jz ' dx’ 

This form occurs so often that it will be found convenient to 
commit it to memory. 

Ex. 2. Let y=eV^S*. 

Here - < eV5S ^ d < <V ^ d (V^) j (go tf) 

d(*J ootx) d (cot x) dx 

1 . (-00860* ar). 

2*/oots ' ' 

Ex. 3. Let y = (sin x) lo «* cot {«* (a + 6a?)}. 

Taking logarithms 

log y =log x . log sin x+log cot {«* (a + bx)}. 

The differential coefficient of log y is - — 

y dx' 

Again, log x . log sin x is a product, and when differentiated 
becomes (Art. 31) 

- log sin a; + log x . - — .coax. 

* sin x 

Also, log cot {e* (a+6x)} becomes when differentiated 

(sin s) 10 **. cot {e* (a + bx) } |j^ log sin x + cot x . log x 

-2 e*(a+b + bx) cosec 2 (e*a + 6x)J . 
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Ex. L Let y = *Ja? - ft 2 cos 2 (log x). Then 

dy __ d Ja 2 -b? eos 2 (log a:) <2 {o 2 - 6 2 cos 2 (log x)} d {eos (log x)} 

dx d {a 2 - d 2 cos 2 (log as)} x d{eos (logas)} X d(loga;) 

M d Poga?) 

X dx 

= J {a 2 - ft 2 cos 2 (log or)} x { - 26 2 cos (logos)} x { - sin (log os)} x i 

fr 2 sin 2 (log x) 

2x J a 2 -b* cos 2 (log x) 


Ex. 5. 
Let 

Then 


Differentiate as 5 with regard to x 1 . 
x 2 =z. 

da? 

da? _da? dx _dx _ 5a? 
dz ~ dx ' dz ~ dz~ 2x 
dx 



56. Implicit relation of x and y. So far we 

have been concerned with the case in which y is ex- 
pressed explicitly , i. e. directly in terms of x. 

Cases however are of frequent occurrence in which 
y is not expressed directly in terms of x , but its 
functionality is implied by an algebraic relation con- 
necting x and y. 

In the case of such an implicit relation we proceed 
as follows : — 

Suppose for instance 


a ?- f y 8 = 3axy, 


then 

a (y +x %> 

i.e. 

3 (a? - ay) + 3 (y J — ax) ^ = 0, 

giving 

dy _ a? — ay 
dx y 2 — ax' 
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57. Partial Differentiation. It will be per- 
ceived in the foregoing example that the expressions 
3 (a 3 — ay) and 3 (y 3 — ax) occurring are algebraically 
the same as would be given by differentiating the ex- 
pression #* + y* — Saxy first with regard to x, keep- 
ing y a constant, and second with regard to y, keeping 
x a constant. 


When such processes are applied to a function f(x, 
of two or more variables the results are denoted by tl 
7)f df 

symbols ~ Thus in the above example 


g = 3(^-oy), 


and |^=3 (jf-ax). 

This is termed partial differentiation, and the results 
are called partial differential coefficients. 


58. A general proposition. It appears that in 
the preceding example 


or 


?/ , 3 / dy = Q 

9a? 9 y ’ dx ’ 

V 

dy _ dx 
dx~~ Iff' 
dy 


This proposition is true for all implicit relations between 
two variables, such as f(x, y) = 0. 


Suppose the function capable of expansion by any 
means in powers of x and y, so that any general term 
may be denoted by Ax*y*. 

Then f(x, y) = ’ZAx*y < * = 0. 
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or 


or 


Then differentiating 

2 (^ApwP-'y? + AxPqy?- 1 = 0 , 

SApxP-'y* + (ZAqzPy*-')^ = 0 , 


Ex. If 
we have 


fy = Q 

dx^ dy' dx 


f(x, y)=a?+x*y+y*= 0, 
?£=5x*+4x>y, 

|"* i +V5 

dy__ &r 4 +4s 8 y 
<fcr"” a^+Sy 2 


examp les 

Find “ in the following cases : 

1. a^+yS^a 3 . 2. #*+y*=a K . 3. &=xy. 

4. logxy=x*+y*. 5. a*. y*=l. 6. a7*+y*=l. 


59. Euler’s Theorem. 

If u = Aa?yt + 2fo*'y0' + ... = 'ZAafyt, say t where 
a + y8 = a / + /9'= ... =w, 


to sftow that 


du , dtt 


By partial differentiation we obtain 
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then x ^ + y ^ — 'ZAaaPyP 4- 

=* 2-4 (a + fi) scry? 

= ri%Aa?yt = rw. 

It is clear that this theorem can be extended to the 
case of three or of any number of independent variables, 
and that if, for example, 

u = AafyPjzy 4* BaPtf'#' 4- 
where a + £ + y = a' + )8 / + '/ = ...=7?, 


then will 


du 


du du 
dy Z dz 


= nu. 


The functions thus described, are called homogeneous 
functions ofthe 71 th degree , and the above result is known 
as Euler's Theorem on homogeneous functions. 


EXAMPLES. 

Verify Euler’s theorem for the expressions : 


EXAMPLES. 

Find ~ in the following cases : 


1. 


4. 


7. 


9. 


11 . 


13. 


2 4** 

y-TST 


2 . 


/l-x 

^VI +z- 

/ i-* 

y v 14*4**' 
y=tan“ l (log a?). 


y=»sin(«*) log 
y*= log cosh*. 


y=ZJa+x. 3. 


VT+j?' 

8. y=log 


6 . 


xsJaP-Aa* 
y= ' 


**4*4l 
**-*41 * 


10. y=*sin *°. 

12. y = tan" 1 (e*) log cot *. 
14. y = vers -1 log (cot a?). 
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15. 

y— cot -1 (cosec x). . 

16. 

■ . 1 

y=sin“ 1 — . 

V1+* 8 

17. 

y=tan~ 1 — 4^. 

V# 2 -i 

18. 

y = (sin- 1 x) m (cos* 1 x) n . 

19. 

y=sin (e»log x) . \/l - (log x)\ 

m »-(:)"( ,+ 0 

21. 

y=6tan-i(ftan-if). 

22. 

4? COS" 1 4? 

y Vi-** 

23. 

pH 1 

7 

I 

24. 

• _ t a+6 cos4? 

y=sin“ 1 T ~l . 

o+acos4?- 

25. 

y=6 tan lx log (sec 2 x 3 ). 

26. 

y—ef^ cos (b tan" 1 4?). 

27. 

y=tan“ 1 (a, 6 *. aP). 

28. 

y- sec (log,, \! a 1 + 3 ?). 

29. 

y=tan“ 1 x + \ log . 

1 — 4 ? 

30. 

y= log (log#). 


31. y— log* (x), where log" means log log log... (repeated n times). 

1 \fb+a+ V^-atan^ 

32. y= 7 == log 1. 

^ ~ a V5+^-V6^tanf 

33. y= sin -1 (x\/l -x-Jx^/l-xP). 34 , 

36. y=e < *. 36. y=e? . 37. y = ^. 38. y=af f . 

1 

39. y=4?*-h4?*. 40. y = (cot 4 ?)°°** + (cosh #) co,h * 

4L y=tan-i (»«#*■*) 42. y=sm- 1 (e t “- 1 *). 

l+4?t 

44. y=tan -1 «/ VF+ cos -1 #. 45. 

46. y=(coBx)°°**. 47. y=(cot-‘«)i. 

48. y— (l +~^ +« 1+ J. 49. y= 6 tan _ 1 ^+tan~ 1 ^. 
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50. 


54. 


tan y =*«•** sin x. 51. ax i + Zhxy+by*=\. 

e y __( a + — ah 
(foc*)4 


53. (cos x)* = (sin y)*. 


64. 

65. 

66 . 

67. 

68 . 


x=e t * a ~ lL a?. 55. x=y log xy. 56. y=x v . 57. y=xP“ . 

y= * l0g ^&’ 59# ^+ 2 ^ + ^ 3 +2^+2 ^H-c=0. 

ar m y n =(o 7 +y) m+H . 61. y= 6 tan ” ly logsec 2 ^ 3 . 

T i. 1 a 8 - 6 s ipljx qZf%\ i ,, , , 

If y= 2 ?+P* {f+r + fjjj . ^ew that when 

Differentiate log 10 # with regard to :r 2 . 

Differentiate (x 1 +ax+ a 2 ) n log cot f with regard to 
tan -1 (a cos for). 

Differentiate x t[n ~ l * with regard to sin -1 x. 

. vra-i 

Differentiate tan -1 with regard to tan -1 x. 


Differentiate ^ with regard to Vl-# 4 . 

Vi+^-a/i -* 2 

Differentiate sec- 1 ^^ with regard to a/ITs 2 . 

x 1 

Differentiate tan -1 ■ with regard to sec -1 ^- 5 — - . 

Vi-** ***-i 

2 # 2^r 

Differentiate tan -1 with regard to sin " 1 . 


70. 

7L Differentiate x* log tan " 1 x with regard to 
72. 


sin mJx 

xi 


•• to “ dv V 2 

Tfy= ^ prove *i=wWi- 


E. D. C. 
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73. Ify= 1+f 


dv 1 

prove -f- = - 2 x 

. , w dx 1 x 

1 + T , . 1 + X 

l+...tocoi T l + - r . 

+ 1 +... 


74. 1iy=x+- 1 

x -j 

#-f ...to 00, 


(fy 1 

prove ^=I-?. 1 


*+J+I 

... 


75. If y = sin #4- sin #+ \/sin^-f V©tc. to oo , 

y x = cos x/(2y — 1). 

76. If £ w =the sum of a g.p. to n terms of which r is the 

common ratio, prove that 

( r - 1) ~dr~ (* — 1) 8%—nS n-l . 

77. If£=«+- 1 , 

* + * 

a 3 T ••• T “ > 

78. Given (7= 1 + r cos 3 + - 2 * + ** ^ 3 * + „ . 


dx\Q, 


P rov ®^ S =±73 




and 

shew that 


3! 

« . . p 3 sin 2d , r 3 sin 3d 

sm d+— si— + — Sr— + ... 


2 ! 


3! 


c ^ + ^f=<° ,+ ^> C08 ^ 

c 'S-' s 'S=( cs +' s ' i! )« n ^ 


dr dr" 

79. If y = sec 4r, prove that 

% 16m-**) 

S = (i-e<*+<*) » ’ where *' =tan ■ *■ 

80. If y=e-“seo' 1 (a; and find ^ in terms of 

due 

x and & 

81. Prove that if a? be less than unity 

1 ■ 2* , 4** 8* T 1 

1 + + 1 + x* + 1 + x* + 1 + a* + ‘ ■' ■ “** lnf - ~ ‘ 
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82. Prove that if x be less than unity 

1 — X s t 4a? -&a? t , . f _ l+2x 

1— + l-a^+s 8 *" ”1+#+#** 

83. Given Euler’s Theorem that 

_ xxx x sin# 

Lt_ cos f coe 2i CM p... cos gs — , 

prove |tan| + i tan^ + ^tan^+...adin£=i-cotx, 
and psec»| + JjSeo*^ + ^sec s ^+...adin£=cosec*a?-^. 


84. Differentiate logarithmically the expressions for sin 6 
and oosfl in factors, and deduce the sums to infinity of the 
following series 

1 1 1 1 


d*-«r s + d»-2V + i 


»-3V' t >-4*.r*' K 


(6) l J +a» + 2*+*» + 3?+ i «!* + 4 J +* ! ' +- 

M 1 , 1 , 1 | 1 . 
W l*+^ + 3*+x» + 5*+^ + 7»+^ + ‘ 

{d) 1+ TTT* + TT^ + r|s + 


85. Sum to infinity the series 

1+ * 2 i+** 4 i+* 1 8 i+«* 


86. If E n represent the sum of the homogeneous products 
of n dimensions of #, y, z, prove 

t k ^S n 0J7 W dff n jj 

<*) x F +y V + ^ =>5,i 

fT\ , d-ffg . , n\ TT 

(6) i^ + -gr=( w + 2 ) J7 -»- 
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60. When y is a given function of x , and ^ has 

been found, we may proceed to differentiate a second 

time obtaining ~ . This expression is called the 

second differential coefficient of y with respect to x. 
We may then differentiate again and obtain the third 
differential coefficient and so on. 

The expression is abbreviated into (J^j y 


or 


d?y. d_(d y 


5 * 


. . d?y 

is written -j- : and so on. 
oaf 


da? 9 dx \da?J 
Thus the several differential coefficients of y are 


written 


dy d?y d*y d n y 
dx 9 do?’ da?*'" dx n " 


They are often further abbreviated into 

yi> y%> 

Ex. 1. Thus if y=x n , we have 
y 1 =nx n ~ 1 J 
y 2 =n(n-l)ai*-*, 
y 8 =n(n - 1) (n - 2) a*” 8 , 

and generally y r =n (n - 1).. . (n - r + 1) s w “ r , 


y w =n! 


Digitized by Google 



SUCCESSIVE DIFFERENTIATION \ 


53 


Ex. 2. If y=tanx, 

y l =8eo i x=l + y 2 , 
y 3 =2yyi=2(y+y*), 

j,,:=2(l + V)yi=2(l+V+3v‘). 

y t = 2 (8y + 12y 8 ) y 1 =S (2y + 5y 3 +Sy s ), 

&0, 

Ex. 8. If y=(sin~ 1 a;) 2 , 

^=2 {Bm-'x)! Jl-x 2 , 
squaring, (1 - X s ) y 1 2 =^y. 

Hence differentiating, (1 - x 3 ) - 2xy 1 3 =4y 1 , 

and dividing by 2 y l9 (1 -x 2 ) y^-xy^ 2. 

61. Standard results and processes. 

The 71 th differential coefficient of some functions are 
easy to find. 

Ex. 1. If y=e ax we have y 1 = oe°*, y a =a 2 e ax , 

Cob. i. If a=l, 

y=e*, y 1= e* y 2 =e», y*=«*. 

Cob. ii. y=a x =e a;log « a ; 

2/ x = (log,a) ^ log « a = (log, a) a*; 

1/3= (log, a) 2 e® lo 8* a = (log,a) s a* ; 
etc. = etc. 

y n =(\og 9 a)*er tlo *< a = (log, a)* a*. 


Ex. 2. If y=log,(x+a); 

1 1 ( — 1 ) ( — 2 ) 

yi “x+a ; y *~ (x+a) 3 * (x+a)» ’ 

(-l)(-2)( -$)...( -n+1) 
yn ~ (x+«r 

(x+a) n 


Cob. If 


y= 


x+a’ 


2 /*= 


(- l)»nl 
(x+a) 1 ** 1 * 
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Ex. 3. If 

y=sin(o*+6); 


y 1 =acoa(ax + b)=a sin (^ax + b 
y a =a 8 sin^a*+6 + ; 

y,=a 8 sin ^a* + b + ~^; 


y.=a»Bin (a*+&+ 

Similarly, if 

y=cos (ax + d), 


y»=a* cos ^a* + 6 • 

Cob. If 

a— 1 and 6=0; 

then, when 

y=sin*, y n = sin^*+~^; 

and, when 

y= oos*, y*= cos 

Ex. 4. If 

y=««*sin (6*+c); 

y x = ae®* sin (bx + e) + be** oos (6* + c). 

Let 

a=r cos <p and 6=rsin0, 

so that 

r a =a , +& a and tan 0=^; 

and therefore 

y x = rc°* sin (6* + c + 0). 


Thus the operation of differentiating this expression is equivalent 
to multiplying by r and adding <f> to the angle. 

Thus y a = fV»* sin (bx + e + 20), 

and generally y m =»*»■• sin (bx + c + n0). 

Similarly, if y = c*® cos (bx + c), 

y n =r w « ax oos (6*+c+n0). 

These results are often wanted and the student should be able to 
obtain them immediately. 

Ex. 5. Find the n* differential ooeffieient of sin 8 *. 

We have ?/=sin 8 x= ^ (3 sin *- sin 3*). 

Hence V%=\ | 3 sin -3 n sin ^3* + • 
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Ex. 6. If y= sin 2 # cos 8 #, find y n . 

Here y=^ sin 8 2a; cos a; =3 (1 - cos 4x) 00s # 

4 o 

= ~ (2 cos x - cos 3x -cos 5x), 

and j2cos^#+^-3*cos^3#+~^-5 n oos^5#+~^j . 


EXAMPLES. 


Find y w in the following cases : 


1 

1 

0 _L 

0 

1 4. 

X 

JU 

ax+b * 

a-# ’ 

o. 

a — bx 

a+bx ’ 

5. 

ax+b 

cx+d' 

6. 

x-a 

7. 

» 8 

(#-f a) 4 * 


9. 

(#+a)~i 


10. 

log(a#-f 6 )p. 


11. 

II 

1- 

2#. 

12. 

y=e*sin#sin 2#. 


13. 

y=e*sin 3 x. 


14. 

y=e a *cos 3 bx . 


15. 

y — sin x sin 

2# sin 3#. 

16. 

y = 6 s * s in8 # COS 3 # 


17. 

y= sin 3 # sin 

2x, 

18. 

y = e* sin 2 x sin 2#. 



62. Use of Partial Fractions. 


Fractional expressions whose numerators and de- 
nominators are both rational algebraic expressions 
are differentiated n times by first putting them into 
partial fractions. 

_ x 2 _ qg 1 

X * * (x-a)(x-b)(x-c) ~~ (a-6)(a-c) x-a 

+ » L.+ * L. 

^ (6 - e) (6 - a) x - b ^ (c - a) (c - b) x - c 
(see note on partial fractions Art. 66) ; 


therefore 


a* (-l)*n! 6* (-l)»n! 

y *“(«-6)(a-e) (*-o)*H + (6-e)(t-a) (*-&)*» 

, * (- 1)*"! 
T (c-a)(c-&) (s-c)" - ** 1 * 
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El - 2 ’ y = (*-l).(* + 2) - 

To put this into Partial Fractions let x=l +z; 
then 


1 

l + 2a+a a 


3 + z 

1 / 

r l Bz 4 z* 

= ?\ 

< B + 9 + 9 3 +z, 

1 

5 4 1 

~3* a 

+ 9z + 9S+z 


whence 


15 4 

“3(*-l) a + 9(s-l) + 9(s+2)' 

.. _(«+!)! (-1 ) % , 5n\ (-1)* , 4n! (- l) w 
y% ~ 3(a-l)*** + 9 (ar - l)** 1 + 9 (s + 2) w+1 * 


2 / = 


x* + a 3 


63. Application of Demoivre’s Theorem. 

When quadratic factors which are not resolvable 
into real linear factors occur in the denominator, it is 
often convenient to make use of Demoivre’s Theorem 
as in the following example. 

Let 1 1 

Then 
Let 

whence 
Hence 


’ (x + ta) (x - ta) 

= ± L J 14 . 

2ia [x-i a x + ta] 

^ n ~"2t ^ n * {(a;-ta) n+1 (aj+ta)** 1 ] 

x=rooB 0 and a=r sin d, 

r A =x 2 +a 2 and tan0=-. 


}■ 


y n= izR^ {(cos 0 - t sin 0)”*” 1 - (cos0+t sin 0)-* -1 } 

=S^ ,2 ‘ 8in(n+1)< ’ 

= ^ ~ sin (n+1) 0 sin n+1 6, 


where 


^=tan“ 1 - 
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Cob. 1. Similarly if 

(-!)»«!. 


y n = j~— sin (n+ 1) 0 sin** 1 0 , 


where 

Gob. 2. If 
and 
where 


P=tan~ 


b+x * 


Vn 


y=tan- 1 ?, 


tan 0=-=ooty. 
x 9 


examples. 


Find the 71 th differential coefficients of y with respect to a? in 
the following cases : 


y= 4x 2 - 1 - 
. . x+a 

y=* lo <^- 

1 

2. 

4. 

6. 

y 4^ + 1' 

1 

«*)(**-&*)• 

(**+<*») (**+&»)• 

1 2# 


1 

* =tan_1 ra- 

8 . 


X 

in 



XU. 

^~~# 4 +^+2ff a +#+l 


64. Leibnitz's Theorem. 

[Lemma. If n C f denote the number of combinations of n things 
r at a time then will 

uPr + nPr+l = l • 

_t t 


Vot _J^ + E = LiJ_ + J_l 

|r | n-r |r+l [n-r - 1 [r |«-r-l |»~r r+l| 
|n+l 

’ \r + 1 |n-r" 


- I— c 1 

— H+l°r+l-J 
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Let y = uv, and let suffixes denote differentiations 
with regard to x. Then 

y 1 =u 1 v + uv 1 , 

y i = u 2 v + 2u l v l + uvi, by differentiation. 

Assume generally that 

yn = UnV + n C 1 U nr -iV 1 + «C a tt»- 2 V 2 +... 

+ n^r^n— r^r *4“ n^r+i^n—r—i^r+i HK • *4" ^n* • *( a )* 
Therefore differentiating 

y»+l = U nJri V + U n V 1 +.. . 

+ «n-r®r+i 0* | +•••+ uv n+l 

= Un+ iV + n+Pi^nVi + n+Pa^n—i^a + n+Pa^rM^s +• • • 
+ n+iCr+iUn-rVr +1 +. . .+ uv n+li by the Lemma; 

therefore if the law (a) hold for n differentiations it 
holds for n + 1. 

But it was proved to hold for two differentiations, 
and therefore it holds for three; therefore for four; 
and so on ; and therefore it is generally true, i.e., 

(uv) n = U n V + nfW-A + vP^U^V^ +. . . 

+ nCrU^Vr +. . .+ UV n . 

65. Applications. 

Ex. 1. y=x s smax. 

Here we take sin a# as u and x 9 as v. 

Now v^ar*, v a =3 . 2x, v 8 =S . 2, and v 4 <fec. are all zero. 

Also w H =a^sin ^ax+ t) * eto - 

Henoe by Leibnitz’s Theorem we have 

y n =x?a % sin fax + + tj&cV* - 1 sin fax + 
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3 . 2x0*”* sin ^ax 
+ n(n-l)(n- 2 ) 8 , 

The student will note that if one of the factors be a power of x 
it will be advisable to take that factor as v. 


Ex. 2. Let find y § . 

Here v=z i , u=e ax , 

so that v 1 =4x 8 , v 2 =12x*, r,=24x, v 4 =24, and v 6 etc. all vanish. 

Also u n =a?e* m t etc. 

whence 

y t =a*c? K x i + Bate 11 * . 4x*+ 10 . aV** . 12x*+10aV - * . 24x +60*** . 24 
=oc a * {a 4 x 4 + 20a 8 x*+ 120a*x* + 240ax + 120} . 


Ex. 3. Differentiate n times the equation 


(®Vj)=*Vi^+i» • 2* 

d* 

^(^ 1 ) = Wn, 


<f"y 

fir * 


y»; 


therefore by addition 

+ (2« + 1) *y^-i + («’ + x ) y« = 0 . 

or l2 S +(2n+1)x S ; > +(n ’ +1) S =0 - 


Ex. 4. Even when the general value of y n cannot be obtained we 


may sometimes find its value for x=0 as follows. 

Suppose y = [log (x + Jl+x*)T t 

then y 1 =21og(x+ Jl+rf/Jl+x* (1), - 

and (l+x*)y 1 a =4i/, 

whence differentiating and dividing by 2 y 1% 

(l + x a )y a +xy 1 =2 (2). 
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Differentiating n times by Leibnitz’s Theorem 
(! + * s )2/*m+ 2nxv«+i + n (n - 1) 

+ xy wt . 1 +ny % =0 

or (1 + * J ) 2/n+j + (2n + 1) xy M + nty, = 0. 

Patting x=0 we have 

(y«+a)o= (y.)» (3). 

indicating by suffix zero the value attained upon the vanishing of x. 

Now, when x=0 we have from the value of y and equations (1) 
and (2) 

(y)o=<>. foi)o=°> G/a)o= 2 . 

Hence equation (3) gives 

( 2 /a)o= (2/5)0 =(2/7)0= = (ya*+i)o=^ 

and (1/4)0=- 23 - 2 » 

fe/«)o= ^.2>.2, 

(3/5)0= -6 s . 42. 2*. 2, 
etc., 

(3/*)o= ( - 1)^2 . 2« . 4 a . 6* (2 k - 2)2 

= (- 1 )^- 1 2*- 1 {(&-!)!}’. 


examples. 


Apply Leibnitz’s Theorem to find y n in the following cases : 


1. y=xe?. 

4. y=a?&m x. 

7. y=^tan -1 x. 


2. y=a?V** 

5. y=eP x . sin bx. 
8. y=x? tan- 1 #. 


3. y=# 2 log#. 

6. y=— . 

1+# 


66. Note on Partial Fractions. 

Since a number of examples on successive differentiation and on 
integration depend on the ability of the student to put certain frac- 
tional forms into partial fractions, we give the methods to be pursued 
in a short note. 

f(x) 

Let ^1 be the fraction which is to be resolved into its partial 
fractions. 
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1. If f(x) be not already of lower degree than the denominator, 
we can divide out until the numerator of the remaining fraction is of 
lower degree: e.g, 

x 2 _i i 3a; -2 

Hence we shall consider only the case in which f(x) is of lower 
degree than <p (x). 


2. If <p (x) contain a single factor ( x-a), not repeated, we pro- 
ceed thus: suppose 

<p(x) = (x-a)<//(x). 


and let 


/(*) A t xW 
(x - a) \J/ (x) ~~ x - a \f/ (x) 1 


A being independent of x . 


Hence 


/M =4+ /,_ al 2d£) 

<Hx)- A + {x a) * (x) ■ 


This is an identity and therefore true for all values of the variable 
x; put x=a. Then, since \f/(x) does not vanish when x=a (for by 
hypothesis \jr (x) does not contain x - a as a factor), we have 



Hence the rule to find A is, “Put x=a in every portion of the fraction 
except in the factor x-a itself.” 


Ex. (i) 
Ex. (ii) 

Ex. (iii) 
Ex. (iv) 


1 6-c 

I "t" l 


(x-a){x-b) a-b ' x-a^ b-a ' x-b' 

afl+px + q _ q 2 +pg + q 1 

(a; - a) (x -b) (x - c) ~ {a- b) {a - c) x - a 

b 2 +pb + q 1 c 2 +pc + q 1 
+ (6 - c) (6 - a) x - b + (c - a) (c - 6 ) x - c * 

x 12 3 


(a? - 1) (a; - 2) (a? - 3) 2 (a; - 1) ” a? - 2 ^ 2 (a; - 3) * 

a£ 

(x - a) (x - 6) * 


Here the numerator not being of lower degree than the denominator , 
we divide the numerator by the denominator. The result will then be 
A. B 

expressible in the form 1+ + — where A and B are found as 

x-a x-b 

before and are respectively r and - — . 

r J a-b b-a 
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Put 

Then 


3. Suppose the factor (x-a) in the denominator to be repeated 
r times so that 

<p(x) = {x-a) r }/f(x). 
x-a=y. 
f(x) _ f(a+y) 

y T t(a+y)' 

or expanding each function by any means in ascending powers of y, 

_ A 0 +A 2 y +A a y *+ ... 

y r (B 0 +B 1 y+B i y* +...)' 

Divide out thus : — 

B 0 +B 1 y + ...\ A 0 +A 1 y + ... \C 0 + C 1 y + C § y*+... i 
etc., 

and let the division be continued until y r is a factor of the remainder. 
Let the remainder be y r x (*/)• 

Hence the fractions^ + ... + - : 

y r y r_1 y^ 2 y ^(a+y) 

- g q . _ c i . 9i _ ... 

~ (x - a) r * (x - a)*- 1 r (x - o) M * * ‘ * * 

. C r-1 , *(*-<*) 

x-a \f/ (x) 


Hence the 
termined 

Ex. Take 


fractions corresponding to the factor (x - a) r are 
determined by a long division sum. 

(*-l)«(x+l)‘ 

Put x-l=y. 

Henee the fraction . 

a+y^i+^+y’^+iy+iy’-i^- 

iy+y* 

ty+fy* 

iy* 

it+M. 

-iy* 

Therefore the fraction 

_J_ A 1 

— n. Jt i-9 “b o-- 


2y* 4y a 8y 8(2+y) 

1 | 8 , l L_ 

2<x-l)* + 4(x-l)* + 8(x-l) 8 (x + 1) " 
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4. If a factor, snch as x*+ax+b, which is not resolvable into real 
linear factors occur in the denominator, the form of the corresponding 

partial fraction is • ^ or instance, if the expression be 

1 

(x -a) (x- bf (s 2 + a 2 ) (x a + 6 2 ) a 

the proper assumption for the form in partial fractions would be 


A J3 C Lx + E Fx + G Hx + E 

x^a + x^b + (x-b)* + * a +a a + x* + 6* + (a^ + 6 2 ) 2 ’ 

where A, 3, and C can be found according to the preceding methods, 
and on reduction to a common denominator we can, by equating co- 
efficients of like powers in the two numerators, find the remaining 
letters D, E, F, G, H, K. Variations upon these methods will 
suggest themselves to the student. 


EXAMPLES. 

1. Given y=ainx* y find y 2 , y 3 , y 4 . 

2. Given y=,a? sin#, find y 2 , y 3 , y 4 . 

3. Given y=e*sin #, find y 2 , y 6 . 

4. Given y=x 3 e ax , find y 3 and y». 

5. If y=Ad mx +Be~ mx , prove y 2 =m V 

6 . If y—A sin mx+ B cos mx, prove y 2 = - mh/. 

7. If y=asinlog#, prove x^y^+xy^y^O. 

8. If y=log ' P rove xS 3/t=(y-*yi) i - 

9. If y*=A (x+*s/afl-l) n +B (x- V# 3 -!)** 


prove 


(**- l)y a +a^j - nh/^0. 

10. 

If 

y = \x-c)\x-d ) » flnd ^- 

11. 

If 

y “(x-l) 3 (^-2)’ ^ yn- 

12. 

If 

y=a«logtf, find y B+1 . 

13. 

If 

#=cosh Q^log y'j , 

prove 


(a® - 1 ) y t + - mhf = 0, 

and 


(** - 1) y« + 1 + (2» + 1) *y» + 1 + (” s - mS ) y» 
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14. Find y % if 

15. Find y % if 


V afi+l 

1 

y (*+!)(«*+ 1)' 1 


16. Find y % if 

17. Prove that if 


x* 

^Or-iyOr+l)' 

y=sin (m sin -1 a:), 


and (l-^)y»+ 2 -(2?H-l)^. + i+(n 2 -»i a )y n . 

Hence shew that 


At-t,— =« 2 -™ 2 - 

y* 

18. If y==6 Un “ 1 *, prove that 

(l+^ 2 )y*i+aH-{2 (w + l)^-l}y n+1 +n(?M-l)y n =0. 

19. If ysae* 1111 ” 1 *, prove that 

(1 - ^) y« +a - (2^+ 1) ^n+ 1 - (rc 2 +a 2 ) y n =Q» 


and 2^ aj » 0 ^ !LL2 =w 2 +a 2 

y» 

20. If w = sin ft# + cos no?, 

= n r {1 + ( - 1 ) r sin 2n#}$. 

21. If y^e^{a*a?-2nax+n(n+\)}j 

y H -a*+a#V* 


22. If 
and 

prove that 


#cos0+y sin0*=a, 
.rsin d-y cos d=b, 
cfar d q y d*x d*y 
dgp dfr~d§*' d6» 


is constant 
23. Prove that 

<£ [ i>8in (*+?)+« °“ (^t)P +1 * 

where 

P«rjf**-n(n~ 1).^“*+ n(n-l) (ft -2) (n-3)x*“ 4 - ... , 
and ♦ur w '“ 1 -t4(n-l)(H-2)jc ,% “- s +.., . 
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24. Prove 

d_ |> m (x+ n -fj-Q Bin (*+^)] 

where P and Q have the same values as in 23. 

25. Prove that 
d* /eP x Hinbx\ 

^ ) =«°* {-Psin (bx+n<t>)+Q cos (bx+n<j>)}/a?+i, 

where 

P=(rx) n — n (rx)*" 1 Gos<f>+n (n—l) (rx) n ~ 2 coa 2 
Q— w(ra7) w ” 1 sin<^ — n(n — 1) (ra?) w ”*sin 2 </> + ... , 

r*=a 2 +P, and t&n <f>=b/a. 

26. Prove that 

d* 

(x* sin x ) =n ! (P sin x+ Q coax), 


where 

P=l — *C — + *C — — 

1 ° J 2! + V *4\ '*• 


and 



27. 

Shew that 


/ 

logaA 


ctr" \ 

^ ) 



(m— 1) ! * m+ »|_ n! ogx ft, 

f(m+r- 1)!]"| 


lr!( W -r) /J- 

[i. C. 8., 1892.] 



K D. a 
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EXPANSIONS. 


67. The student will have already met with several 
expansions of given explicit functions in ascending in- 
tegral powers of the independent variable ; for example, 
those tabulated on pages 10 and 11, which occur in 
ordinary Algebra ana Trigonometry. 

The principal methods df development in common 
use may be briefly classified as follows : 

I. By purely Algebraical or Trigonometrical 
processes. 

II. By Taylor’s or Maclaurin’s Theorems. 

HI. By the use of a differential equation. 

IV. By Differentiation of a known series, or a con- 
verse process. 

These methods we proceed to explain and exemplify. 


68. Method I. Algebraic and Trigonometri- 
cal Methods. 

Ex. 1. Find the first three terms of the expansion of log sec# 
in ascending powers of x. 

By Trigonometry 

.. x 8 x 4 x 6 
cos « = i __ + _ 


Hence 

where 


log sec x= - log cos x =- log 
_x # x 4 x 8 _ 
*“2l~4! + 6T 
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and expanding log (1 - z) by the logarithmic theorem we obtain 

z 3 Z Z 

log sec 2=2 +‘2 + -g- + ••• 


pr* x* x» 

"I , 1 p S 

** . T 

L2! 41 + 6! " 

•J + 2L2! 

-JT+ -J 


1 pc* “I 8 

nUr-J 


_x* _** 

~ 2 24 + 720 


2® 
72C 
2 4 2 ® 


+ T ' 


48 


+ ... 


+ 24 


hence 


. 2* 2® 2® 
lo 8 Beo *=T + i2 + 46- 


Ex. 2. Expand cos 8 2 in powers of 2 . 
Since 4 cos 8 2 = cos 32 + 3 cos 2 
3*2* 3*2® 

‘ 2! + 4! 


= 1 - 


+ 41 - + < ^ (2»)! + - 


we obtain cos 8 


+8 [} ~h + h ~ - +(_ 1)n <^T! + ••] ■ 

*=\ {(l + 3)-(3 J +3)f ! +(3‘ + 3)J-... 


+ ( - 1 )»(3*‘+3) ( ^ i + ..j. 

Similarly ein 8 x = j |(3* - 3) |i - (8* - 3) + (3 7 - 3) 


7! 




Ex. 3. Expand tan 2 in powers of 2 as far as the term involving 2 ®. 
Since tan 2 = 


2 s 2« 

X 81 + 6! - " 


2! + 4! "• 


we may by actual division show that 


. 2 8 2 
tan 2=2 + — + 2 «+... 


5—2 
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Ex. 4. Expand ^ {log (1 +#)} 8 in powers of x . 

Since (1 + 

we have, by expanding each side of this identity, 

1+yx+ £^ aH y (yr 1 Hy- 2 ) ^ + y(y- 1 )(y-2)(y-3) ^ + . 

& I o I 41 

= l + y log(l+a;)+|-j{log (l+a;)} 2 +... 

Hence, equating coefficients of y a , 


^iog(i+*» 3 =|5-Tr^ + 


1.2 + 2. 3 + 3.1 
4! 


x 4 - etc., 


a series which may be written in the form 

/, i\it» /, i n* 4 /, l l i\«« 

2 "( + 2/ T + ( 1+ 2 + 3)T - ( 1+ 2 + 3 + i)T + "- 


1. Prove 

2. Prove 

3. Prove 

4. Prove 

5. Prove 

6. Prove 

7. Prove 


EXAMPLES. 


1 


1 


^ wn *=l +^+^+-^ 


3 


120 


VLUm 

cosh n #=l + — -+n (3?i-2) — ... . 

2 ! 4 ! 

. sin x x 2 at 
l0g — =-6-180 


log 


sinh x _ at 
x ~ 6 


at 

180*“ 


log # cot x= — ^^... . 


251 


. tan -1 # x 2 , 13 . 
log x = — "3 90 ^ - 6T7T9* 


at.,.. 


1/1 ,9\ , , 247 s , a? 4 

ioga-*+^--*+ T + lr + T -- g - T - T + T .... 

8. Expand log (1 +ate*) as far as the term containing at. 
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9. Expand in powers of x. 


(a) tan” 1 


p — qx 
q+px * 


(b) tan” 1 


3X — X 3 
1 - 3 ^ * 


(«) 


sin” 1 


2x 

T+# 2 * 


(d) 


1 X-X 

x+x~* 


69. Method II. Taylor 1 ! and Maclaurin’s 
Theorems. 

It has been discovered that the Binomial, Ex- 
ponential, and other well-known expansions are all 
particular cases of one general theorem, which has for 
its object the expansion of f{x + h) in ascending integral 
positive powers of h, f{x) being a function of x of any 
fvt'm whatever . It is found that such an expansion is 
not always possible, but the student is referred to a 
later chapter for a rigorous discussion of the limitations 
of the Theorem. 

70. Taylor 1 ? Theorem. 

The theorem referred to is that under certain cir- 
cumstances 

f{x + h) -/<*) + hf (x) + h ~f" (») + 1/'» +••• 

+ ^| /"(*)+••• to infinity, 

an expansion of fix + h) in powers of h . 

This is known as Taylor’s Theorem. 

Assuming the possibility of expanding f{x -f h) in 
a convergent series of positive integral powers of h , let 

f(x + h) = A 0 + AJi + A 2 2 "j + -4 S gj + (1), 

where A 0f A u A s , ... are functions of x alone which are 
to be determined. 
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dh 


for x and h are independent quantities and therefore 
x may be considered constant in differentiating with 

regard to h , so that = 1. 


Similarly 

—dbr^=f"^ +h) ' and 


so on. 


Differentiating (1) then with regard to h, we have 

f\x + h) = ^^ = A 1 + AJi + A 3 % + A^+...(2), 


' 2 ! 




3 ! 

A 2 


4 * AJi + A 4 27 +... ( 3 ), 
A 8 +AJ 1 + ...( 4 ), 


etc. = etc. 

Putting h = 0, we have at once from (1), (2), etc. 

A =/(*), A =/'(*)> A>=f"(x\ As = =/ /// (#), etc., 

where /'(#),/" (tf),/"' (#)... are the several differential 
coefficients of /(a?) with respect to x. Substituting 
these values in (1), 

f{x+h) =/(*) + a /' <*) + {«) + 1 /"' (•)+.... 


Ex. 1. Let f{x)=x n . 

Then f'(x)=7ix 1i ~ 1 , f"(x)=n (n - 1) a;* -8 , etc., and 
f(x+h) = (x + h) n . 

Thus Taylor’s Theorem gives the Binomial expansion 
(x + ft)* =#* + ??ftr n_1 + — ft 2 ^ w_s + . . . 
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Ex. 2. Let / (a?) = sin x. 

Then /'(x)=oosx, /"(«) = - sin a:, /"'(a?)= s - oos x, etc., and 
f(x+h) = sin (x+h). 

Thus we obtain 

. , .. . . A 8 . A* 

sin (o + A) = sin x+h co« x - ^ sin x - ^ cos x+ ... 


EXAMPLES. 


Prove the following results : 
- A * e*+ A - 

2! + 3f 

A 


h* A 3 

1. e* + *=e*+Ae*-f 2 - | « x +3iC*+. 


2. tan -1 (or+A) 

=tan _1 x + 


xh* 


1-ar 8 A* 

0 + ... . 


3. sin” 1 (o?+A) 
=sin” 1 a;+ 


1+* 8 (l+o? 8 ) 8 (l+o? 8 ) 8 3 


A 8 1 + 20? 8 A 3 

Q !+•••• 


Vi -* 8 (i-«*)t 2! (i -^)* 31 

A sec -1 (o?+A) 

=sec _1 o;+ 


A 


2x*-l A 8 


**(**-1)* 2! "■ 

5. logsin(o?+A) 

A 8 A 3 cos x 

= log sin 07 + A cot o? - — cosec 8 x + — — h... 

° 2 3 sin 8 or 


71. Stirling*® or Maclaurin's Theorem. 

If in Taylor’s expansion 

/(• + A) =/(*) + hf (x) + |/" (*) + £/'" (•) +. . . 
we put 0 for x, and a? for h, we arrive at the result 
/<•) =/(0) + */' (0) + £,/" (0) + £/"' (0) +. . . 

. +5^°> + -- 
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the meaning of f r (0) being that f(x) is to be differ- 
entiated r times with respect to x, and then a? is to be 
put zero in the result. 

This result is generally known as Maclaurins 
Theorem. Being a form of Taylor’s Theorem it is 
subject to similar limitations. 


Ex. 1. 


Here 


Thus 


Expand sin x in powers of x. 


f(x) =sin x, 

/' (x) =cosx, 

/" (x) = -sinx, 

(x) = - eos x, 

<fec. 

/»(*)= sin + • 

X 3 X 5 

smx=x -- + --. 


Hence /(0) =0, 

/( 0 ) = 1 . 
/'( 0 )= 0 , 
r(o)=-i, 

(tO. 

/•(0)=sm^. 
x* sin — 


Ex. 2. Expand log cos x in powers of x. 

Here / (x) = log cos x, 

/' (x) = — tan x = — t, say, 

/" (x) = - sec 2 x= - (1 + t 2 ), 

/" (x) = - 2 ian x sec 2 x= - 2t (1 + t 2 ), 

/<« (x) = - 2 (1 + St 2 ) (1 + 1 2 ) = - 2 (1 + 4t 2 + St 4 ) , 

/<«(*) = -2(8t + 12t 3 ) (l + t 2 )= -2(8t + 20t* + 12t«), 

(x) = - 2 (8 + 60t 2 + SOt 4 ) (1 + 1 2 ) = - 2 (8 + 68t 2 + 120f 4 + 60t*), 
etc. 

Whence 

/ (0) = log cos 0 = log 1 = 0, 
and /' (0)=/< 3 >(0)=/<«(0) = ...= 0 , 
also /"(0) = -l, /«> (0) = - 2, /<*> (0) = - 16, etc. 

Hence 

i x 2 . X 4 , . X® , 

logooB*=- §! -2 iI -16g I -etc. 
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EXAMPLES. 


Apply Maclaurin’s Theorem to prove 

, . a* cos — 

L oo6x= 1-^+ 3 - ! --+- w T 2 - + .... 

2. log(l+*)-*-^+|^- 

«<S «6 mSr — 1 

a tan -1 #=# — —-+ 1)* _1 — + ... 

3 5 v 7 2w- 1 

4. « sfa *=l+jr+i®*-i« 4 -... . 

5. log(l+« a ')=log2+la;+g^- ; ^2 ... . 

6. ^coB^=l + ^ + ^^ + a i°^W... 

+ (^± r ^ CO sf nt an-. 6 -) + .... 

n! \ a) 


72. Method III. By the formation of a Differ- 
ential Equation. First form a differential equation 
as in Ex. 3, Art. 60, etc., and assume the series 

O fi + a i X + 0^+... 

for the expansion. 

Substitute the series for y in the differential equa- 
tion and equate coefficients of like powers of a? in the 
resulting identity. We thus obtain sufficient equations 
to find all the coefficients except one or two of the first 
which may easily be obtained from the values of /( 0), 
f (0), etc. 

Ex. 1. To apply this method to the expansion of (1 + #)”. 


Let y = (l+a?)»=a 0 +a 1 x+a 8 & a + a^+ (1). 

Then jr 1 :sii(l+£)*~ 1 or (l+x)y l =:ny (2). 

But yi= a i + 2^8* + 303 **+ (3). 
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Therefore substituting from (1) and (3) in the differential equation (2) 
(1 + + 2a& + So^ 2 +...) = » (a 0 + OjX + a<p % + ...) . 

Hence, comparing coefficients 


<*i=na 0 , 


%nd by putting 
giving 


whence 


2a i +a 1 =na 1 , 

Sa i + 2a 2 =na 2f etc., 


x=0 in equation (1), 

“ 0 = 1 . 


— n i 

n-1 n (n - 1) 

° s =— 2~ 01=5 2 ] ’ 
_n-2 _w (»- 1) (n-2) 


«s= 


3 


a 2 =- 


3! 


etc., 


a r = 


n-r + 1 _ n(n-l)...(n-r + l) 


r! 


(l+aj) n =l + war+^-^y-^ x®+.... 


Ex. 2. Let y =/ (x) = (sin -1 x) 2 . 

(l-x 2 )y 1 *=4y. 


Differentiating, and dividing by 2 y 19 we have 

(l-* 2 ) y^=xy x +2 (1). 

Now, let y = a 0 +a 1 x + ajc 2 + ... +a n x n + a w+1 a; w+1 + a nrf2 ^ n+2 + ..., 
therefore 

y 1 =a 1 + 2ajc+ ... +na n x n ~ 1 + (n + l) a n+1 a^+(n + 2) a n+2 a^* +1 + ...» 

and 

y 2 = 2 o 2 +. . ,+n (n - 1) (n+1) na w+1 x**~ 1 + (n + 2) (»+ 1) a w+2 a?n+ 

Picking out the coefficient of x* in the equation (which may he done 
without actual substitution ) we have 

(n + 2) ( n + 1 ) - n (n - 1) a n = na n ; 


therefore 


n 2 

®" +4_ (»+l)(n + 2) a « 


(3). 
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Now, a 0 =/ (0) = (sin -1 0)*, 

and if we consider sin" 1 x to be the smallest positive angle whose 
sine is x t 

sin -1 0=0. 


Henoe 

Again, 


o 1 =/ / (0) = 2sin -1 0 . -4==0, 
Vl-0 


and a,=i/'(0)=l (3^+°)-!. 

Hence, from equation (2), a,, a 5 , ay, ... , are each=0, 


and 


a 4 = 


2* 2* 2 s 
8.4' a,— 8 . 4 — 4i ’ 


5 . 6 ' a4= S .4.5.6' 


2* .4* 2».4* 

6 ! ' 


2. 


therefore 


etc. = etc. ; 


. .. 2* . 2*. 4* . 2 9 . 4* . 6 s _ 

(sm- 1 *)*=2 T + i| 2x*+ Tr 2x«+ — gj— a*»+... 


A different method of proceeding is indicated in the 
following example : — 

Ex. 3. Let 

y=sm(msm- I *)=a 0 +a 1 *+a 1 ^+<i 1 jp { + (X). 

Then y 1 = cos (m sin" 1 x) . m • , 

Vl-a£ 

whence (1 - x 2 ) y x 2 =zm 2 (1 - y 2 ). 

Differentiating again, and dividing by 2 y l9 we have 


(l-x^yi-xyi+mtyrzO (2). 

Differentiating this n times by Leibnitz’s Theorem 

(! - **) Vw* - (2*»+ 1) *y»M+ -«*)y.=0 (8). 

Now a 0 = (y ) x »o = sin (m sin -1 0) = 0, 


(assuming that sin" 1 x is the smallest positive angle whose sine is x) 
a i = (yi)x-o=™> 

a>=(yi)*-o=0» 

etc. 

«*=(y*)x~ 0* 
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Hence, putting x=0 in equation (3), 

“»+»=-(”** -«v»- 

Hence a 4 , a 8 , a 8 , ...» each=0, 

and a 8 = - (m 2 - l 2 ) a 2 = - w (m 2 - 1 2 ), 

05= - (m 2 - B 2 ) a 3 =m (m 2 - 1 2 ) (m s - 8 2 ), 
a 7 = - (m 2 - S 2 ) a 5 = - m (m 2 - 1 2 ) (m* - 3 2 ) (m 2 - 5 2 ), 
etc. 

Whence 

. , . 1 . m (m 2 - l 2 ) . m (m 2 - 1 2 ) (to 2 - 3 2 ) . 

sin (m sin "* 1 — - X 2 H — 5 x* 

3 I 5 ! 

m (m 2 - 1 2 ) (m 2 - 3*) (m 2 - 5 2 ) 7 

7 j * +-• 

The corresponding series for cos (m sin -1 x) is 

. . _ . „ m 2 x 2 m* (m 2 - 2 1 ) . 

cos (m sin“ 1 x) = l--^j-H x* 

m 2 (m* - 2 2 ) (m 2 - 4 2 ) ^ , 

6 ! + -* 

If we write x=sin 0 these series become 

• r 771 ( 771 2 — l 2 ) . . 

sin mO=sm sin $ — — -• sin* 0 

m (771 2 - 1 2 ) (tti 2 - 3 2 ) 

+ -fJ ' sin® 0 _ etc., 

O ! 

. 1 77i 2 . „ m*(m 2 -2 2 ) . 

cos 77i0=l - — sin 2 0 + — i-j-r sin 4 0 

a I 4 ! 

(..-.I 


examples. 

1, Apply this method to find the known expansions of 

a x , log(l+x), sinx, tan ” 1 x. 

2. If y=sin _1 x=a 0 +a 1 x+a 2 x 2 +a 3 x 3 +... , 
prove (1) (l-x a )y 2 =xy 1 , 

( 2 ) (w+l)(w+ 2 )a w+ 2 =w 2 a n , 

. , lx 3 1.3 x 6 

(3) ■“- I *-*+jjy+574-5-+-- 
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3 . if 


.a sin- 1 *. 


y=e"““ x =a 0 +axa-’+«(yB s +a3**+... , 

prove (1) (1 -#*) 

(2) (« + 1 ) (n + 2) a„ + 2 = (» 2 + a 2 ) a. , 

(3) = 

a (a 2 + 1) (a 2 + 3 2 ) . 

+ 5! ^+... , 


(4) Deduce from (3) by expanding the left side by the 
exponential theorem and equating coefficients of a, a 2 , a 8 .., the 
series for sin - l x y (sin -1 a?) 2 , (sin -1 x) 3 . 


4 . Prove that 
(tan -1 x) 2 

2l 


f 

2 




5. Prove that 


73. Method IV. Differentiation or integra- 
tion of a known series. The method of treatment 
is best indicated by examples. 


Ex. 1. If we differentiate the series 


• i , I** 

sin -1 x=x-\ 

2 3 


l.Sx"1.8.5s' 
2.4 5 + 2.4.6 7 + 


we obtain the binomial expansion 


_J_ = l + l ;c s + 1 l? x , + L-8l5 a , 

2 + 2.4^ + 2.4.5 + ‘"’ 


and it is clear that we must be able by a reverse process (integration) 
to infer the first series from the second. 


The student unacquainted with integration may obtain the expan- 
sion of sin -1 x from that of (1 - x*)“$ as follows : 
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Let sm~ 1 *=a 0 +a 1 x+a 2 a^+a 1 £ 8 + 

then differentiating 

* =a 1 + 2a 2 x+3a s x a +4a 4 x*+ . 



«/i -**" 

But 

i 

Hence 

<h 

Also 

a o 


1.3 

h 27i a 


1.3 


(if we take the smallest positive value of the inverse function). 

Hence substituting the values of these coefficients 
. . lx* 1 . 3 x 5 

8U> - , *=* + 2 8 + 2^ir + 


Ex. 2. We have proved in Ex. 2 Art. 72 that 

(sin- 1 *)* ** Vx* 2*. 4* 2 3 .4 2 .6 2 . 

! 5l = 2! + 4! + -6T ** + 81 ** + ••• • 

Hence differentiating we arrive at a new series 


DXU »/ 2* , 

-K===*+n*‘ + 


'• 4 V i *-*•** \ 

6! * + 7! * + ■••• 


si 

If we put z=ein 9 we may write this as 

20 , 2* . 2*.4 J . . „ 2*. 4*. 6* . , „ 

^Ye =1+ ri^ e+ -5r Bm0+ --JT- Bm0+ --' 

=1+| sin*0+^i 8in^+|^|sin‘e + .... 


EXAMPLES. 

1. Obtain in this manner the expansion of 

log (1 +x), tan -1 x, log . 

2. Prove 

log(*+^)=*-^ + ^-. 
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3. Expand 
2x 


sin - 


1 +**’ 
in powers of x. 

4 . Prove 

* V 


tan” 1 


x . — Vl+#*- Vl-«* 

— - - - , tan 1 . - -== 

s/l-x* Vl+^+Vl 


(,j_y 

\sin 0/ 


2 s 2*. 4* 9* 4*. 6 s 

= 1+ 0 8mS<J + 3TOT6 8m4<,+ 3.4.6.6.7.8 ain * <>+ * 

5. Prove that 

jznn- l » 

(1) vra 

ax (g 2 + l 2 )a* a (a? +2?) X s (a 2 +l 2 )(a 2 +3 2 ) x* 


- 1 +n + 


3! 


4! 


_ , sind, (l + l 2 )sin 2 0 (l+2*)sin*0 

= 1+ TT + 2! + 3! 

(1 + 1*) (1 +3*) sin 4 6 

+ 4 ! + -- 


examples 


1. Prove 


1 2 

log (1 + tan x) =x - - #*+- x 3 + . .. . 

2 o 


2. Prove 


X? 3? 11 ^ 7 * X 6 

-« =1+ * + __ ______ 


3. Prove 

log log (1 +*)} = 


6a*_ ** 261 , 

24 8 + 2880^"‘' 


4 . Prove 


_ ^ X? 2jc? x* xP xfl x 1 xP 

log (1 -»+*>- - *+ r+ T + 7 - T - T - T + -g ... 
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1 1 «4 

5. Prove cosh (a7coso?)=l +— — •• 

/ jq 3 ^5 

sinh (a? cos a?) =07- — - — ... . 

<5 O 

. tana? a? 8 , 7 . 
log -J-= -3T+ SS**— • 


6. Prove 

7. Prove 


90“ 


{ a? 8 a?^ 1 

07-— + 


8. Prove 


, a/ 1 +07 8 — 1 a? a? 3 _ 

■i-«+ 1 o-i 4 + - 


07 7 


9. Prove log (3a? + 4afi +^/ l+9a£+24o7 4 + 16a? 6 ) 

of 1.3 a?* I 

"*r"i y+ri* "5 

10. Prove that 

/ \ /i or 3 2 o? 6 2 . 4 a? 7 

(a) (l-^*«n-i»-»- T - 5T - 0 . 7 —.. l 

M 1-1 1/1 

11. Prove that 


1 /IV 2.4 1 /IV 


%) 3*5 V2 


5 * 7 V2 


(o? + Vl+OT 8 ) 1 * 

w 2 07* w(?t 2 -l 8 ) , w 2 (n 2 -2 2 ) . n(ri 2 -l 2 )(n 2 -3 2 ) , 
= 1+nj+ Tr+3! + 4! " **•»— 6! • 

4" ••• j 

and deduce the expansions of 

log (tf+Vl +■»*), i (log(^+Vl+^)} 2 , i {log (*+Vl +**)}*. 

12. If y=e ax coabx, 

prove that y 2 ~ 2ay x + (a 2 + ft 2 ) y=0, 

and hence that 

a 2 — ft 2 a a (a 2 — 3ft 2 ) 

e a *cosfta?=l+ao;H — 4?*+ ^ 3 ? — • 
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13. Prove 

m 

(a) sin (m tan" 1 x) (1 +#*) * 

=--mx m ( m ~l)( m ~ 2 ) ( ro(m-l)(ro-2) (m-3) (m-4) ^ 

3 ! 6 ! 


(6) cos (m tan" 1 x) (1 + x *) 2 

, ^ (m-2)(m— 3) 

— 1 2 ! 4! ^ ” — 

14 Deduce from 13 (a) 
tan" 1 x log V 1 +#* 

15. Prove 

. . coshtf , , 1*+1» . s . , (1*+1*) (l l + 3 ! ) . .. , 




16. Prove 


tan" 1 (x + h) = tan" 1 # + (A sin 0) sin 6 - ^ S |° — sin 20 

2 


+ (Aein^ 8 . n 3<J _ (Asmtf)< sin ^ +etc 
3 4 


where ^=cot 0. 


17. Deduce from Ex. 16 

(a) ^ = 0+cos0sin0+ ^-^sin 2^+^-^sin 3^+... , 


by putting 


h— —x— — cot 0. 


(b) = sin0+|sin20+isin30+isin40+..., 


by putting 


h = — y1+^. 


*r _ sin 0 1 sin 20 1 sin 30 1 sin 40 

' C ' 2 “ cos0 + 2 cos*0 + 3 cos’0 + 4 cos 4 0 + "‘ * 

by putting A= -x-x- 1 . 

B. D. C. 
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18. Show that 

tn\ -L ( ain ~ lx y 
2> Vl-«* 

-TI +1, - 3S (p + *) S1+ 1 *- 38 • 68 (p + 5* + p) ?!+- ’ 
(b) 


& 


sin 20 


sin 6 
2! 




+ ... 


19. Prove 
(ta n" -1 x ) 3 

"if" li + i ( I+ l)} f + |i + i ( 1 + i) 

20. Prove 

. x vers -1 x 1 t 1.3 ** , 1. 3. 5 ^ 

(<l) 1 + 37 4* + 5^2! + T^r! + -’ 

/JA (vers -1 x) % 1 ^ 1.2 #* 1 . 2 • 3 «* . 

(6) —2 X+ 3T + 3T5-T + 376T7 4 + -‘ 

21. Prove that 


22. Prove that 
(a) /(m) 

-/(*)+'(»- 1) »/'(«>+<» - 1)* £/"(*)+(» - l) s f,/''(*)+..., 

<*> /(if.) 

<«) / (x) =/ (0)+x/'(x) gjf m (*) — «tc- 
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INFINITESIMALS. 

74. Orders of Smallness. 

If we conceive any magnitude A divided into 
any large number of equal parts, say a billion (10 la ), 
A 

then each part is extremely small, and for all 

practical purposes negligible, in comparison with A. 
If this part be again subdivided into a billion equal 

parts, each = , each of these last is extremely small 

in comparison with , and so on. We thus obtain 

a series of magnitudes, A, ^ a , ] ^ 4> each 

of which is excessively small in comparison with the 
one which precedes it, but very large compared with 
the one which follows it This furnishes us with what 
we may designate a scale of smallness. 

75. More generally, if we agree to consider anv 
given fraction f as being small in comparison witn 
unity, then fA will be small in comparison with A, 
and we may term the expressions fA , / a A, / 8 A, ..., 
small quantities of the first , second , third , etc., orders ; 
and the numerical quantities /,/*,/*, ...» may be called 
small fractions of the first, second, third, etc., orders. 

6—2 
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Thus, supposing A to be any given finite magni- 
tude, any given fraction of A is at our choice to 
designate a small quantity of the first order in com- 
parison with A. When this is chosen, any quantity 
which has to this small quantity of the first order a 
ratio which is a small fraction of the first order, is itself 
a small quantity of the second order. Similarly, any 
quantity whose ratio to a small quantity of the second 
order is a small fraction of the first order is a small 
quantity of the third order, and so on. So that generally, 
if a small quantity be such that its ratio to a small 
quantity of the p th order be a small fraction of the 5 th 
order, it is itself termed a small quantity of the (p-f 90 th 
order. 


76. Infinitesimals. 

If these small quantities Af A/ 2 , A/ 8 , ..., be all 
quantities whose limits are zero, then supposing f made 
smaller than any assignable quantity by sufficiently 
increasing its denominator, these small quantities of the 
first, second, third, etc., orders are termed infinitesimals 
of the first , second , third, etc., orders . 

From the nature of an infinitesimal it is clear that, 
if any equation contain finite quantities and infinitesimals, 
the infinitesimals may be rejected . 


77. Prop. In any equation between infinitesimals 
of different orders, none but those of the lowest order need 
be retained. 


Suppose, for instance the equation to be 

A 1 4» Bi + Ci 4- D 2 + E 2 + F z + . . . = 0 (i), 

each letter denoting an infinitesimal of the order in- 
dicated by the suffix. 


Then, dividing by A u 

1 + X + X + X + X + T + --°- 

XI 1 XX 1 xlj xl j XX I 


•(“)> 
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B C BE 

the limiting ratios and are finite, while -A , , 

Ai H x Hi Hi 

F 

are infinitesimals of the first order, -f is an infinitesimal 

"i 

of the second order, and so on. Hence, by Art. 76, 
equation (ii) may be replaced by 

and therefore equation (i) by 

A\ 4- J5 X 4- Ci = 0, 
which proves the statement. 


78. Prop. In any equation connecting infinitesimals 
we may substitute for any one of the quantities involved 
any other which differs from it by a quantity of higher 
order . 

For if Ai + Bi H- G\ 4- B 2 4" • • • = 0 
be the equation, and if A l = F 1 + f 2 , 
f 2 denoting an infinitesimal of higher order than F u we 
have F x 4- B 1 4 - C x 4 -ft 4~ B 2 4- • . • =0, 

i.e. by the last proposition we may write 
F l 4“ Bi 4- Ci = 0, 

which may therefore, if desirable, replace the equation 

Ai + B 1 + G 1 — 0. 


79. Illustration*. 


(1) Since 


0 3 0 * 


and 


Bi ne=e- h + h -.. 

a , 0* 0* 
OOS0=l-^ Tr .. 


sin 0 , 1 - cos 0 , 0 - sin 0 are respectively of the first, second, and third 
orders of small quantities, when 0 is of the first order; also, 1 may 
be written instead of cos 0 if second order quantities are to be re- 
jected, and 0 for sin 0 when cubes and higher powers are rejected. 
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(2) Again, suppose AP the are of a circle of centre 0 and radius 
a. Suppose the angle AOP( = 0) to be a small quantity of the first 
order. Let PN be the perpendicular from P upon OA and AQ the 
tangent at A, meeting OP produced in Q. Join P, A, 


arc AP=a0 

and is of the first order, 

NP=a sin0 

do. 

do., 

AQ=a tan# 

do. 

do., 

0 

chord AP=2a sin - 

do. 

do., 


NA=a (1 - cos 0) and is of the second order. 
So that OP - ON is a small quantity of the second order. 



u 

Again, arc AP - chord AP= a$ - 2a sin ^ 

— - G-.S. + ™) 


a(P 

=4jn- etc -’ 


and is of the third order. 

PQ-NA=NA( sec0-l) 


2 sin 3 




2 


= (second order) (second order) 

= fourth order of small quantities, 
and similarly for others. 


80. The base angles of a triangle being given to be 
small quantities of the first order, to find the order of the 
difference between the base and the sum of the sides . 

By what has gone before, (Art. 79 (2)), if APB be the 
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triangle and PM the perpendicular on AB, AP — AM 


P 



A M B 


and BP — BM are both small quantities of the second 
order as compared with AB . 

Hence AP + PB — AB is of the second order com- 
pared with AB. 

If AB itself be of the first order of small quantities, 
then AP -f PB — AB is of the third order. 

81 . Degree of approximation in taking a small 
chord for a small arc in any curve . 

Let AB be an arc of a curve supposed continuous 
between A and B, and so small as to be concave at each 


P 



A B 


point throughout its length to the foot of the perpen- 
dicular from that point upon the chord. Let AP , BP 
be the tangents at A and B . Then, when A and B are 
taken sufficiently near together, the chord AB and the 
angles at A and B may each be considered small quan- 
tities of at least the first order, and therefore, by what 
has gone before, AP + PB — AB will be at least of the 
third order. Now we may take as an axiom that the 
length of the arc AB is intermediate between the length 
of the chord AB and the sum of the tangents AP, BP. 
Hence the difference of the arc AB and the chord AB, 
which is less than that between AP + PB and the chord 
AB, must be at least of the third order . 
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TiTAMPT.Tifl 

1. In the figure on page 86 suppose PM drawn at right 
angles to AQ, ana prove 

(a) Segment cut off by AP is of the third order of small 
quantities, 

(b) Triangle PNA is of the third order, 

(c) Triangle PQM is of the fifth order. 

2. OA x B is a triangle right-angled at A x and of which the 
angle at 0 is small and of the first order. A X B X is drawn per- 
pendicular to OB, B 1 A i to A X B, A^B % to OB, ana so on. 

Prove 

(a) A n B n is a small quantity of the (2 n - 1)* order, 

(b) B n A n+1 is of the 2 71 th order, 

(c) B n B is of the 271 th order, 

(d) triangle BA m B n is of the (2m+2n- 1) 01 order. 

3. A straight line of constant length slides between two 
straight lines at right angles, viz. CAa, CbB ; AB, ab are two 
positions of the line, and P their point of intersection. Show 
that, in the limit, when the two positions coincide, we have 

Aa CB , PA __ CB? 

Bb ~~ CA PB ~~ CA 2 * 

4. From a point T in a radius of a circle, produced, a tangent 
TP is drawn to the circle touching it in P. PN is drawn per- 
pendicular to the radius OA. Show that, in the limit when P 
moves up to A , 

NA—AT. 

5. Tangents are drawn to a circular arc at its middle point 
and at its extremities ; show that the area of the triangle formed 
by the chord of the arc and the two tangents at the extremities 
is ultimately four times that of the triangle formed by the three 
tangents. 

6. A regular polygon of n sides is inscribed in a circle. Show 
that when n is very great the ratio of the difference of the 
circumferences to the circumference of the circle is approximately 

ir 2 /6n 2 . 

7. Show that the difference between the perimeters of the 
earth and that of an inscribed regular polygon of ten thousand 
sides is less than a yard (rad. of Earth =4000 miles). 
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8. The sides of a triangle are 5 and 6 feet and the included 
angle exceeds 60° by 10". Calculating the third side for an 
angle of 60°, find the correction to be applied for the extra 10". 

9. A person at a distance q from a tower of height p observes 
that a flag-pole upon the top of it subtends an angle 6 at his eye. 
Neglecting his height, show that if the observed angle be subject 
to a small error a, the corresponding error in the length of the 
pole has to the calculated length the ratio 

qa cosec 0/(q cos 6-p sin 0). 

10. If in the equation sin (» - d) = sin « cos a, 6 be small, 
show that its approximate value is 

2 tan ©sin* | ^1 - tan 2 » sin 2 . 

[i. C. 8.] 

11. A small error x is made in measuring the side a of a 
triangle, a small error y in measuring 6, and a small error n" 
in measuring C. Prove that the consequent errors in A and B 
are each £n", provided the relation 

2 ^ sin C=n sin 1" 
a 2 -6* 

be satisfied, [i. c. s., 1892.] 
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TANGENTS AND NORMALS. 

82. Equation of TANGENT. 

It was shown in Art. 18 that the equation of the 
tangent at the point (x, y) on the curve y = f(x) is 

F— y _g(X— *) (1), 

X and 7 being the current co-ordinates of any point on 
the tangent. 

Suppose the equation of the curve to be given in the 
form /(a, y) = 0. 

It is shown in Art. 58 that 

v 

dy _ dx 
dx~~ cj7 ‘ 

% 

Substituting this expression for ^ in (1) we obtain 

d l 

Y-y — d £{X-x), 

dy 


Digitized by Google 



TANGENTS AND NORMALS. 91 

(x-«)| +( r- y) |.o <2) 

for the equation of the tangent. 


If the partial differential coefficients ^ ^ , etc. be 
denoted by f x >fy> etc equation (2) may then be written 
(Z-«)/. + (F— y)/,- 0. 

83. Simplification for Algebraic Curves. 

If f(x } y) be an algebraic function of x and y of 
degree n, suppose it made homogeneous in x, y, and z by 
the introduction of a proper power of the linear unit z 
wherever necessary. Call the function thus altered 
f(x, y, z\ Then f(x,y,z) is a homogeneous algebraic 
function of the 71 th degree ; hence we have by Eulers 
Theorem (Art. 59) 

xfx + yfv + zfz 5=8 n f( x > V> z ) = o, 

by virtue of the equation to the curve. 

Adding this to equation (2), the equation of the 
tangent takes the form 

Xf*+ Yf y + Zf z = 0 ....(3), 

where the z is to be put = 1 after the differentiations 
have been performed. 

We often for the sake of symmetry write Z instead 
of z in this equation and write the tangent in the form 

Xf m +Yf w + Zf t - 0 . 

Ex. f(x, y) = x 4 +a*xy + b?y+c! 4 =Q. 

The equation, when made homogeneous in x } y, z by the introduction 
of d proper power of z, is 

/(*, z)=x 4 + atxyz* + h*yz* + c 4 z* = 0, 

and f x =4x*+a*yz *, 

f y =a*xz*+b 3 z* 1 
f % = 2 a?xyz + S bfiyz 2 + 4 c 4 z*. 
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Substituting these in Equation 3, and putting Z=z=l, we have for 
the equation of the tangent to the curve at the point (x, y) 

X (4x* + a*y ) -f Y (a*x + 6*) + 2a*xy + 36*y + 4c 4 = 0. 

With very little practice the introduction of the z 
can be performed mentally . It is generally more ad- 
vantageous to use equation (3) than equation (2), be- 
cause (3) gives the result in its simplest form , whereas 
if (2) be used it is often necessary to reduce by substitu- 
tions from the equation of the curve. 

84 NORMAL. 

Def. The normal at any point of a curve is a straight 
line through that point ana perpendicular to the tangent 
to the curve at that point 

Let the axes be assumed rectangular. The equation 
of the normal may then be at once written down. For 
if the equation of the curve be 

y =/(*)> 

the tangent at (x y y) is 
and the normal is therefore 

(X-*) + (F-y)g- 0. 

If the equation of the curve be given in the form 

fix, y) = 0, 

the equation of the tangent is 

{X - x)f x + (Y-y)fy = 0, 
and therefore that of the normal is 
X— x _ Y — y 

~7* 7T' 
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mS 

Ex. 1. Consider the ellipse + jfs = 1. 

Or 0* 

This requires z 1 in the last term to make a homogeneous equation 
in x, y, and z. We have then 


x* y* 

“* + 3 -^- 0 - 

o* o* 


Hence the equation of the tangent is 

x.^+r.lf-*.2i=o, 

o* 6* 

where * is to be put = 1. Hence we get 

^ + ^=1 for the tangent, 
o* o* 

x-x y-i 


and therefore 


x 


V 

b* 


> for the normal 


Ex. 2. Take the general equation of a conic 

as*+ 2fccy + by*+ 2gx+ 2fy + c=0. 

When made homogeneous this becomes 

ax * + 2hxy + by* + 2gxz + 2 \fyz + cz* =0. 

The equation of the tangent is therefore 

X (ax + hy + g) + Y (hx + by +/) + gx +fy + c =0, 
and that of the normal is 

X-x = Y-y 
ax+hy+g hx + by+f * 


Ex. 3. Consider the curve - =log sec - . 

a ° a 


Then 

and the equation of the tangent is 


dx a 


and of the normal 


r-y=xtan-(Z-x), 


(y-y)tan^+(Jf-ar)=0. 
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85. If f{x, y)=*0 and F(x,y) = 0 be two curves 
intersecting at the point x, y , their respective tangents 
at that point are 

Xf*+Yfy + Zf z = 0 , 
and XF x + YF y + ZF z = 0. 


The angle at which these lines cut is 

tan - 1 ~fyFx 
fJ'v+fyFy- 

Hence if the curves touch 


fx/Fx —fy/Fy ; 

and if they cut orthogonally, 

fxF x " 4 ” fyF y = 0 . 

Ex. Find the angle of intersection of the curves 
a?-$xy 2 =a 9 
3 x*y-y*=b. 

Calling the left-hand members / and F respectively, we have 
/*=3(*’-y»)=*V, 
fy— - - F x . 

Henoe clearly fJF x +fvF v = 0, 

and the curves cut orthogonally. 


86. If the form of a curve be given by the equations 

«=</>(<). y-?K9 

the tangent at the point determined by the third variable 
t is by equation 1, Art. 82, 

or X* (t) - Ff (<) = <f> (<) (0 - + ( t ) V (t). 

Similarly by Art. 84 the corresponding normal is 

+ yjr(t) ifr (<). 
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EXAMPLES. 

L Find the equations of the tangents and normals at the 
point (x> y) on each of the following curves: — 

(1) ^-hy 2 =c*. (5) aty+ay^a 5 . 

(2) y*»4aff. (6) £*=sin x. 

(3) xy=k*. (7) a^-Sasy+y^O. 


(4) 


y=c cosh : 


( 8 ) 


(**+y 2 ) 2 =a 2 (**-y*). 


2. Write down the equations of the tangents and normals to 
the curve y ( jt 2 4- a 1 ) = or* at the points where y= ^ . 

x y -- 

3. Prove that - -f j=l touches the curve y=be • at the 

point where the curve crosses the axis of y. 

4 . Find where the tangent is parallel to the axis of x and 
where it is perpendicular to that axis for the following curves : — 

(a) atf 2 +2fay+&y*=l. 

ta\ x?-a 3 

w sr- 

(y) y*=«*(2a-jp). 

5. Find the tangent and normal at the point determined 
by 0 on 

(a) The ellipse 


x=acos0 

y—6sind 


03) The cycloid 


}• 

a?— a (d+sin 0)1 
y =a (1 — cos B)j ’ 


(y) The epicycloid x—A cos B-B cos -g-01 
y=A sin B-B sm~-0] 

6. If p=x cos a +y sin a touch the curve 

ym 


prove that 


p m " 1 « (a cos a) m_1 +(6 sin a) m ~ 
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Hence write down the polar equation of the locus of the foot 
of the perpendicular from the origin on the tangent to this 
curve. 

Examine the cases of an ellipse and of a rectangular hyper- 
bola. 


7. Find the condition that the conics 

axP + by 1 — 1, a'# 2 +&'y 2 =xl 
shall cut orthogonally. 

8. Prove that, if the axes be oblique and inclined at an 
angle », the equation of the normal to y=f{pc) at (#, y) is 

(Y-y) ^cos “ + (X- tf) ^1 +COS <I> jjjjj) =0. 

9. Show that the parabolas x*=ay and y 2 =2ax intersect 
upon the Folium of Descartes xfl+y s r=3cuvy ; and find the angles 
between each pair at the points of intersection. 


87. Tangents at the Origin. 

It will be shown in a subsequent article (124) that 
in the case in which a curve, whose equation is given 
in the rational algebraic form, passes through the origin, 
the equation of the tangent or tangents at that point 
can be at once written down by inspection; the rule 
being to equate to zero the terms of lowest degree in the 
equation of the curve. 

Ex. 1. In the curve aP+y 2 * ax + by=Q, ax = 0 is the equation 
of the tangent at the origin; and in the curve (x 2 + y 2 ) 2 = a 2 (xP-y*), 
x 2 - y 2 =0 is the equation of a pair of tangents at the origin. 

Ex. 2. Write down the equations of the tangents at the origin 
in tiie following curves: — 

(a) (x 2 + y 2 )* = a*x 2 - bhf 2 . 

(£) x?+y*=z5ax*y*. 

(7) 
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89. Subtangent, etc. 

Def. The line TN is called the svbtangent and the 
line NO is called the subnormal . 

From the figure 

Svbtangent = TN = y cot yfr =-^- . 

dx 

Subnormal — NO = y tan yfr = y . 

Normal = PO = y sec ^ = + tan 2 yfr 

=y \/ i+ (£)‘ 

v/l + tan 2 ylr 

Tangent = TP = y cosec f = y tan ^ — 


OY = 0< COS \fr = 


0Y 1 = 00 cos y/r = 


=y 


dy 

J\ + tan 2 yjr 


ON+NO 
J 1 + tan 2 \/r 




dy 

dx 

dy 

a 

\/ 1+ (£) 

dy 

’ + y%: 

V* ♦(£)’' 


These and other results may of course also be 
obtained analytically from the equation of the tangent. 
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Thus if the equation of the curve be given in the 
form f(x, y) = 0, 

the tangent Xf x + Yf y + Zf z = 0 

makes intercepts — fzjfx and — f z /f y upon the co-ordinate 
axes, and the perpendicular from the origin upon the 
tangent is 

fzj Jf z +fy> 5 

and indeed, any lengths or angles desired may be written 
down by the ordinary methods and formulae of analytical 
geometry. 

Ex. 1. For the “ chainette ” 

*) 

1 * -* 

we have Vi = o (e e -e e ). 

& 



Thus if 2 n= 1 the x disappears and leaves 
sabnormal=|, 

and the curve is the ordinary parabola 

y*=ax. 
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90t Values of ^ ^ , etc. 

ax as 

Let P, Q be contiguous points on a curve. Let 
the co-ordinates of P be (x, y) and of Q (x + Bx f y + By). 



Then the perpendicular PR = and RQ = Sy. Let 
the arc AP measured from some fixed point A on the 
curve be called 8 and the arc AQ =s+ 8s. Then arc 
PQ = Bs. When Q travels along the curve so as to 
come indefinitely near to P, the arc PQ and the chord 
PQ differ ultimately by a quantity of higher order of 
smallness than the arc PQ itself. (Art. 81.) 

Hence, rejecting infinitesimals of order higher than 
the second, we have 




and in the same manner 


(IH+0- 
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If tfr be the angle which the tangent makes with 
the axis of x we have as in Art. 18, 




and also 


hx dx 5 


PR 


PR 


, Sx dx 


and 


008 ^ chord PQ — arc PQ Ss ds ’ 

• I t- . PQ r . PQ r . 8y dy 

Sin yfr = Lt ~r — ~ i p/S = Lt 7577 = Lt -k~ — y . 

T chord PQ arc PQ os as 


examples 


1. Find the length of the perpendicular from the origin 
on the tangent at the point x, y of the curve 

x*+ y 4 =c 4 . 

X 

2. Show that in the curve y=be« the subtangent is of con- 
stant length. 

3. Show that in the curve by 2 —(x+a) z the square of the 
subtangent varies as the subnormal. 

4. For the parabola y*=4o#, prove 


yi 

5. Prove that for the ellipse ^ = 1, if x= a sin <£, 



* 

d<t> 


—as/ l-^sin 2 


y=a (0+sin0)} ’ 


6. For the cycloid x = a vers 6 

y=a (0+si 
ds _ /2a 

dir \/ x 


prove 

7. In the curve 

P«>ve ^ 


ys=alogsec- , 


ds x ds x , 

-T~=sec - , -j— = cosec - , and x—aylt, 
a ay a T 
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8. Show that the portion of the tangent to the curve 

! . i t 

which is intercepted between the axes, is of constant length. 

Find the area of the portion included between the axes and 
the tangent. 

9. Find for what value of n the length of the subnormal 
of the curve xy n =a H+1 is constant. Also for what value of n 
the area of the triangle included between the axes and any tan- 
gent is constant. 

3C 

10. Prove that for the catenary y=c cosh-, the length of 

the perpendicular from the foot of the ordinate on the tangent 
is of constant length. 


11. In the tractory 


*=V?^?+!iog 


prove that the portion of the tangent intercepted between the 
point of contact and the axis of x is of constant length. 


91. Polar Co-ordinates. 

If the equation of the curve be referred to polar co- 
ordinates, suppose 0 to be the pole and P, Q two con- 
tiguous points on the curve. Let the co-ordinates of P 
and Q be (r, 6) and (r + Sr, 6 + SO) respectively. Let 
PJV be the perpendicular on OQ, then NQ differs from 
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Sr and NP from rSd by a quantity of higher order of 
smallness than S0. (Art. 79.) 

Let the arc measured from some fixed point A to P 
be called s and from A to Q, s + 8s. Then arc PQ = 8s. 
Hence, rejecting infinitesimals of order higher than the 
second, we have 

8s* = (chord PQ)* = (NQ* + PN*) = (Sr 3 + 
and therefore 



according as we divide by 8s 2 , Sr 2 , or Sff* before proceeding 
to the limit. 


92. Inclination of the Radius Vector to the 
Tangent. 


Next, let <f> be the angle which the tangent at any 
point P makes with the radius vector, then 


dO . dr . , 

tan< £ = r dr’ COa<f> = ds’ 8m< t> = 


rd6 

ds 


For, with the figure of the preceding article, since, when 
Q has moved along the curve so near to P that Q and 
P may be considered as ultimately coincident, QP be- 
comes the tangent at P and the angles OQT and OPT 
are each of them ultimately equal to <f>, and 


tan <f> = Lt tan NQP = Lt 
cos <f) — Lt cos NQP = Lt 
= Lt 


np T rse de 

QN~ U Sr ~ r dr> 

NQ 

chord QP 
NQ _j.br dr 


Digitized by Google 



104 


DIFFERENTIAL CALCULUS. 


S m4> = LtsmNQP = Lt^^ 

_ r . NP T rZd rd6 
~ U l^QP = Lt ^ - 

Ex. Find the angle <p in the case of the curve 
r n =a* sec (n0 + a), 

and prove that this curve is intersected by the curve 
f*=b n Bec(n$+p) 

at an angle which is independent of a and b. 

Taking the logarithmic differential, 


[I. C. S., 1886.] 


1 dr , . . . 

--=to n(n «+«), 


whence 


2 


- 0— n0 + a. 


In a similar manner for the second curve 
--0'=n0 + 0, 

<t> being the angle which the radius vector makes with the tangent to 
the second curve. Hence the angle between the tangents at the point 
of intersection is a~p. 

93. Polar Subtangent, Subnormal. 

Let OF be the perpendicular from the origin on the 
tangent at P. 

Let TOt be drawn through 0 perpendicular to OP 
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OT is called the “Polar Subtangent” and Ot is called the 
“Polar Subnormal” 

It is clear that 

02’=0Ptan^ = r 3 ^ (1), 

dr 

and that Ot = OP cot <f> = ^ (2). 


94. It is often found convenient when using^polar 

co-ordinates to write - for r, and therefore — - for 

u u * ad 

dr 

j-q . With this notation, 

_ . , d0 dO 

Polar Subtangent = r 3 T - = — . 

6 dr du 


Ex. Intheconio lu=l + ecos0 

, dO 

we have 1= - e sin 0 — . 

du 

Thus the length of the polar snbtangent is l/e sin 0 . 

Also, from the figure, the angular co-ordinate of its extremity is 



Hence the co-ordinates of T (r x , 0 Y ) satisfy the equation 

The locus of the extremity is therefore 
lu = c cob 0; 

that is, the directrix corresponding to that focus which is taken as 
origin. 

95. Perpendicular from Pole on Tangent. 

Let 0Y=p. 

Then p = r sin <f>, 
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and therefore 


1 1 , . 1 , *. .x 1 f, , 1 /dry) 

- = - cosec’* = - ( 1 + coP*) = 11 + js (gg) } ; 


therefore 

1 _ 1 A 1 {dr\ 
p 2 r 2 + r 4 \dd) 

(1) 


— m 

(2). 

Ex. In the spiral 

e* 

r ~~ a e*-i 


we have 

au=zl - 


whence 

du . 

a Te = 2e->; 



and therefore, squaring and adding, 

p* 

Thus, corresponding to 0= ±1, we have 

a 2 , a 

p= 4 «n d l»= ± a- 

96. The Pedal Equation. 

The relation between p and r often forms a very 
convenient equation to the curve. It is called the 
Pedal equation. 

(1) If the curve be given in Cartesians, 

say F(x,y) = 0 (1), 

the tangent is 

XJ* + YFy + ZF 5 = 0 

and P ‘ = Fj+F/ (2) ' 

If x , y be eliminated between equations (1), (2) and 

* + »■“** ( 3 ), 

the required equation will result. 
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Ex. If x 2 + y 2 = 2 ax y 

X(x-a)+ Yy=ax 
is the equation, of the tangent, and 

cflx 2 _ 1 r 4 
^”(«-a) 2 + y 2_ 4 a 2 * 
or r*=2qp. 

This result will also be evident geometrically. 

(2) If the curve be given in Polars we may first 
obtain p in terms of r and 6 by Art. 95, and then 
eliminate 0 between this result and the equation to the 
curve. 

Ex. Required the pedal equation of r m =a m sin md. 

By logarithmic differentiation, 

m dr . n 

— — = m cot md. 
r d$ 

cot 0 = cot md or <p=md, 

r m 

whence p=r sin 0=r sin md=r—, 

or 


EXAMPLES. 

1. In the equiangular spiral r=ae B 001 a , prove 

^T=cosa and jo=rsin a. 

2. For the involute of a circle, viz., 

Vr*-a 2 . a 

0= cos -1 - , 

a r 


prove 


cos <f> = 


a 


2d 

3. In the parabola — = 1 — cos 0, prove the following re- 


sults: — 


(a) <#•=«■- g • 
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O) ^ j 

sin- 


(y) i> 2 = «r. 

(S) Polar subtangent = 2a cosec 6. 


4. For the cardioide r=a (1 -cos B\ prove 

(«) 4> = l 

(0) i>=2asin 3 |. 


(d) Polar subtangent = 2a • 


<9* 


97. Maximum number of tangents from a 
point to a curve of the 91 th degree. 

Let the equation of the curve be f(x> y) = 0. The 
equation of the tangent at the point (x, y) is 

Xf x + Yfy + Zf z = 0 , 

where z is to be put equal to unity after the differen- 
tiation is performed. If this pass through the point 
h f k we have 

¥* + ¥v+fn = 0 ' 

This is an equation of the ( n — 1)* degree in x and 
y and represents a curve of the (n — 1)* degree passing 
through the points of contact of the tangents drawn from 
the point (A, k) to the curve f(x, y) = 0. These two 
curved have n(n — l) points of intersection, and there- 
fore there are n (n — 1) points of contact corresponding 
to n (n — 1) tangents , real or imaginary , which can be 
drawn from a given point to a curve of the 71 th degree. 
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Thus for a conic, a cubic, a quartic, the maximum 
number of tangents which can be drawn from a given 
point is 2, 6, 12 respectively. 

98. Number of Normals which can be drawn 
to a Curve to pass through a given point. 

Let h, k be the point through which the normals are 
to pass. 

The equation of the normal to the curve f(x, y) = 0 
at the point (x, y) is 

X —x Y—y 
f* fy 

If this pass through h t k t 

( h-x)f y = (k-y)f x . 

This equation is of the n* degree in x and y and 
represents a curve which goes through the feet of all 
normals which can be drawn from the point h, k to the 
curve. Combining this with f(x y y) = 0, which is also 
of the n* degree, it appears that there are n a points of 
intersection, and that therefore there can be n x normals , 
real or imaginary , drawn to a given curve to pass through 
a given point. 

For example, if the curve be an ellipse, n= 2, and the number of 
normals is 4. Let ^ = 1 be the equation of the curve, then 

is the curve which, with the ellipse, determines the feet of the normals 
drawn from the point ( h , k). This is a rectangular hyperbola which 
passes through the origin and through the point (h, k ). 

The student should consider how it is that an infinite number of 
normals can be drawn from the centre of a circle to the circumference. 

99. The curves 

(h - x)f x + (k- y)fy = 0 (1), 

and (h - x)f y -(k- y)f a = 0 (2), 


Digitized by Google 



110 


DIFFERENTIAL CALCULUS. 


on which lie the points of contact of tangents and the 
feet of the normals respectively, which can be drawn to 
the curve f{sc, , y) = 0 so as to pass through the point 
( h , k), are the same for the curve f(x , y) = cl And, as 
equations (1) and (2) do not depend on a, they represent 
the loci of the points of contact and of the feet of the 
normals respectively for all values of a, that is, for all 
members of the family of curves obtained by varying a 
in f(x , y) = a in any manner. 


EXAMPLES. 


1. Through the point A, 1c tangents are drawn to the curve 

Ax?+By*= 1; 

show that the points of contact lie on a conic. 

2. If from any point P normals be drawn to the curve whose 
equation is y m =moj; n , show that the feet of the normals lie on a 
conic of which the straight line joining P to the origin is a dia- 
meter. Find the position of the axes of this conic. 

3. The points of contact of tangents from the point A, k to 
the curve r 3 +y 3 =3 axy lie on a conic which passes through the 
origin. 

4 . Through a given point A, k tangents are drawn to curves 
where the ordinate varies as the cube of the abscissa. Show that 
the locus of the points of contact is the rectangular hyperbola 

2xy+kx - 3Ay = 0, 

and the locus of the remaining point in which each tangent cuts 
the curve is the rectangular hyperbola 

xy - 4h? + 3Ay = 0. 


EXAMPLES. 

1. Find the points on the curve 

y-(*- 1)(*-2)(*-3) 

at which the tangent is parallel to the axis of x. 

Show also that the tangents at the first and third inter- 
sections with the #-axis are parallel, and at the middle inter- 
section the tangent makes an angle 135° with that axis. 
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2. In any Cartesian curve the rectangle contained by the 
subtangent and the subnormal is equal to the square on the 
corresponding ordinate. 

3. Show that the only Cartesian locus in which the ratio 
of the subtangent to the subnormal is constant is a straight 
line. 

4. If the ratio of the subnormal to the subtangent vary as 
the square of the abscissa the curve is a parabola. 

5. Show that in any curve 

Subnormal __ / Normal \ 2 
Subtangent “ \Tangent/ 

6. Find that normal to 

*Jxy=*a+x, 

which makes equal intercepts upon the co-ordinate axes. 

7. Prove that the sum of the intercepts of the tangent to 

*Jx+\/y=*Ja 
upon the co-ordinate axes is constant. 

8. Show that in the curve 

y = a log (a? 2 — a 2 ), 

the sum of the tangent and the subtangent varies as the product 
of the co-ordinates of the point 

9. Show that in the curve 

af* +n =a m ~ n y 2 *, 

the 171 th power of the subtangent varies as the 71 th power of the 
subnormal 

10. In the curve y n =a n ~ l x the subnormal oc and the sub- 
tangent oc x. 

_ a 

11. Show that in the curve y=be * the subtangent varies as 
the square of the abscissa. 

12. If in a curve the normal varies as the cube of the ordinate, 
find the subtangent and the subnormal 

13. Show that in the curve for which 

8= clog - 

y 

the tangent is of constant length. 
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14. Show that in the curve for which 

y 2 =c 2 +« 2 , (The Catenary) 

the perpendicular from the foot of the ordinate upon the tangent 
is of constant length. 


15. Show that the polar subtangent in the curve r=ad (The 
Spiral of Archimedes) varies as the square of the radium vector, 
and the polar subnormal is constant. 

16. Show that the polar subtangent is constant in the curve 

rB—a, (The Reciprocal Spiral.) 


17. Show that in the curve 

r=ae 0oota y (The Equiangular Spiral.) 

(1) the tangent makes a constant angle with the radius 
vector; 

(2) the Polar Subtangent = r tan a ; 
the Polar Subnormal =r cot a ; 

(3) the loci of the extremities of the polar subtangent, 
the polar subnormal, the perpendicular upon the tangent from 
the pole are curves of the same species as the original. 

18. Show that each of the several classes of curves (Cotes’s 
Spirals) 

r=ae m * i rB=a, rsinnd—a, rsinhnd=a, 
rcosh n6 = a, 


have pedal equations of the form 




where A and B are certain constants. 


19. Find the angle of intersection of the Cardioides 

r=a (1+cos B\ 
r=b (1 - cos B). 

20. Find the angle of intersection of 
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21. Show that the condition of tangency of 

x cos a +y sin a = p> 

with x fn y n =a m+n , 

is p m+n .rn m . w*=(m+w) m+w o m+w cos m asin w a. 

Hence write down the equation of the locus of the foot of the 
perpendicular from the origin upon a tangent. 

22. Show that in the curve (the cycloid) 

x=a(3+ sind), 
y=a( 1-cosd), 

g = 2acos| and £-VsS/y. 


23. Show that in the curve (an epicycloid) 
x— (a+ b) cos 6- b cos 0, 

y=(a+6)sin d-6 sin d, 

we have 


p=(a + 26 )sin- 6 d; 


a+26 


p=(a+2&)sin^; 


and that the pedal equation is 




24. Show that the normal to y 2 —4ax touches the curve 
2*7 ay 2 =4(x — 2a) 3 . 


25. Show that the locus of the extremity of the polar sub- 
tangent of the curve 

u=f{6\ 

is «+/' (|+d)=0. 

E. D. C. 8 
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26. Show that the locus of the extremity of the polar sub- 
normal of the curve 

r-/W» 

* r=/ ' (*■!)• 

27. In the curve 

r ^m+ntan0 = l+tan|, 

show that the locus of the extremity of the polar subtangent is 
m—n 

— — r=l+cos B. 

JU 
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ASYMPTOTES. 

100. Def. If a straight line cut a curve in two 
points at an infinite distance from the origin and yet is 
not itself wholly at infinity, it is called an asymptote to 


the curve. 

101. To obtain the Asymptotes. 

if y) = ° (!) 

be the equation of any rational algebraic curve of the 
n* degree, and 

y = mx + c (2) 

that of any straight line, the equation 

<f> ( x , 7 nx + c) = 0 (3) 

obtained by substituting the expression mx -f c for y 


gives the abscissae of the points of intersection. 

This equation is in general of the 71 th degree, showing 
that a curve of the 71 th degree is in general cut in 
n points real or imaginary by any straight line. 

The two constants of the straight line, viz. m and c, 
are at our choice. We are to choose them so as to 
make two of the roots of equation (3) infinite. We 
then have a line cutting the given curve so that two 
of the points of intersection are at an infinite distance 
from the origin. 

8—2 
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Imagine equation (3) expanded out and expressed in 
descending powers of a? as 

Ax n + Bx n ~ l + Cx n ~ * + ... + K = 0 (4), 

A, B, C , etc. being certain functions of m and c. 

The equation whose roots are the reciprocals of the 
roots of this equation is 

A + Bz + C& + ... +Kz n = 0 
(by putting x = i); 

and it is evident that if A and B be both zero two roots 
of this equation for z will become evanescent, and 
therefore two roots of the equation for x become infinite. 
If then we choose m and c to satisfy the equations 

-4 = 0, B = 0, 

and substitute their values in the equation 
y = mx + c, 

we shall obtain the equation of an asymptote. 

102. It will be found in examples (and it admits 
of general proof) that the equation -4 = 0 contains m 
only and in a degree not higher than n. Also that 
B = 0 contains c in the first degree. Hence a curve of 
the 71 th degree does not possess more than n asymptotes. 

Ex. Find the asymptotes of the curve 

y 8 - x*y + 2y* + iy + x = 0 . 

Putting y = mx + c, 

( mx + c) z -x 2 (mx + c) + 2 {mx + c) i + 4 (mx-\-e)+x=t0, 
or (m 8 - m) a? + (3 m 2 c- c + 2m 8 ) x 2 + ... etc. =0. 

We now are to choose m and c so that 
m 8 -m=0) 

and 3m 2 c-c + 2m 2 =0j 

The first equation is a cubic for m and gives m=0, 1 or - 1, 
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The second equation is of the first degree in c and gives 
2m* 

If m=0 we have c=0; 

if m = 1 we have c= - 1; 

if m= - 1 we have c— - 1. 

Hence we obtain three asymptotes, viz. 

y= o, 

y=x-l, 
y= -x-1. 


examples 

Find the asymptotes of 

1. if -Qxy 2 + \\afiy - 6# 3 +#+y=0. 

2. y 3 — 4x*y — xy 1 4- 4ff 3 + 4#y — 4,a? 2 =5. 

3. y 3 - 3ar 2 y+^y 2 -3a7 3 +2y 2 +2^y+4^+5y4-6=0. 

4. (y+#+l)(y+2#+2) (y+3ar+3)(y-:r)+A 2 +y 2 -2=0. 

5. (2#+3y) (3#+4y) (4r+5y) -f- 26#*+ 70ay + 47y 2 +2#4-3y 

= 1 . 


103. The case of parallel Asymptotes. 

After having formed equation (4) of Art. 101 
by substitution of mx + c for y and rearrangement, 
it sometimes happens that one or more of the values 
of m, deduced from the equation A = 0, will make 
B vanish identically , and therefore any value of c will 

S ’ve a line cutting the curve in two points at infinity. 

l this case as the letter c is still at our choice, 
it may be chosen so as to make the third coefficient 
C vanish. It will be seen from examples that each such 
value of m now gives rise to two values of c. This is 
the case of parallel asymptotes. The two lines thus 
obtained each cut the curve at three points at infinity. 
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Ex. Find the asymptotes of the cubic curve, 

y z - 5xy 2 + 8a?y - 4x* - 3y* + 9xy - ftr 2 + 2y - 2x = 1. 

Putting mx + c for y and rearranging, 

{m? - 5m 2 + 8m - 4) x 8 + (3m 2 c - lOmc + 8c - 3m 2 + 9m - 6) x* 

+ (Smc* - 5c 2 - 6mc + 9c + 2m - 2) x + c 8 - 3c* + 2c - 1 = 0. 
Choosing m 8 -5m*+8m-4=0) 

and 3vn?c- 10mc + 8c-3m 2 +9m-6=0J * 

the first gives (m - 1) (m - 2) 2 = 0, 

whence m= 1, 2 or 2. 

If m=l the second equation gives c = 0 and the corresponding 
asymptote is y=x. 

If t»= 2 we have 12c - 20c + 8c - 12 + 18 - 6 which vanishes identi- 
cally for all finite values of c. Thus am line parallel to y=2x will 
cut the curve in two points at infinity. We may however choose c so 
that the next coefficient 

3mc 2 - 6c 2 - &mc + 9c + 2 t» - 2 
vanishes for the value ro= 2, giving 

c 2 - 3c + 2 = 0, i.c. c = l or 2. 

Thus each of the system of lines parallel to y=2x outs the curve 
in two points at infinity. But of all this infinite system of parallel 
straight lines the two whose equations are 

y=2x + l, 

and y—2x + 2, 

are the only ones which out the curve in three points at infinity and 
therefore the name asymptote is confined to them. 

The asymptotes are therefore 

y=x 

y= 2x+l . . 
y=2x + 2 


examples 


Find the asymptotes of 

1. y 3 -xy 2 -x 2 y+a?+x 2 -y 2 =l. 

2. y 4 - 2xy* + 2x*y — at — &C 3 + Zx?y +2xy 2 - Sy 2 - Zx 2 + 2y 2 = 1 . 

3. (y 2 -**)*- 2 (^+y)=l, 
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104 Those asymptotes which are parallel to the y- 
axis will not be discovered by the above processes for 
their equations are of the form x = a, and are not 
included in the form y = mx -f c for a finite value of m. 
We, therefore, specially consider the case of those 
asymptotes which may be parallel to one or other of 
the co-ordinate axes. 


105. Asymptotes Parallel to the Axes. 

Let the equation of the curve be 
ctyr n + a^x^y -f a&^y* -f ... + a^xy 11 ^ -f a n y n 


+ bfl”- 1 -f b^pcP^y -h + b n y n ^ 1 

+ Wc™ + • • • 

+ ••• = 0 (1). 

If arranged in descending powers of x this is 

+ (a# + of 1 * 1 + . . . = 0 (2). 


Hence, if a 0 vanish, and y be so chosen that 

<hy + &i = o, 

the coefficients of the two highest powers of x in equa- 
tion (2) vanish, and therefore two of its roots are infinite . 
Hence the straight line a$ + b x = 0 is an asymptote. 

In the same way, if a n = 0, a^x + b n = 0 is an 
asymptote. 

Again, if a 0 = 0, = 0, \ = 0, and if y be so chosen 

that 

atf+by + Ct^O, 

three roots of eauation (2) become infinite, and the 
lines represented by 

ajy'+btf + c, = 0 

represent a pair of asymptotes, real or imaginary, parallel 
to the axis of & 
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Hence the rule to find those asymptotes which are 
parallel to the axes is, “equate to zero the coefficients of 
the highest powers of x arid y.” 

Ex. 1. Find the asymptotes of the curve 

x*y*-x*y-xy*+x+y + 1=0. 

Here the coefficient of a* is y 2 -y and the coefficient of y* i&a?-x* 
Hence x=0 f x—l 9 y = 0, and y=l are asymptotes. Also, since the 
curve is one of the fourth degree, we have thus obtained all the 
asymptotes. 

Ex. 2. Find the asymptotes of the cubic curve 
x*+2x*y + xy*-x*-xy + 2=0. 

Equating to zero the coefficient of y* we obtain x=0, the only asym- 
ptote parallel to either axis. 

Putting mx + c for y , 

a?+ 2s* (mx + c) + x (mx + c)* - x* -x (mx+c) + 2=0, 
or rearranging, 

x s (l + 2m + m*) + x? (2c + 2mc-l-m)+x (c*-c)+2 = 0, 

1 + 2m + m a = 0 gives two roots m= - 1. 2c + 2mc - 1 - m— 0 is an 
identity if m= - 1 and this fails to find c. Proceeding to the next 
coefficient c 2 - c = 0 gives c = 0 or 1. 

Hence the three asymptotes are x=0 , and the pair of parallel lines 
y + a r = 0 , 
y + x=l. 


EXAMPLES. 

1. The asymptotes of y 2 (x?—a 2 )=x are 

o i 

x= ± a) * 

2. The co-ordinate axes are the asymptotes of 

xy*+x?y=a*. 

3. The asymptotes of the curve x?y 2 =<? (x 2 +y 2 ) are the 
sides of a square. 

106. The methods given above will obtain all linear 
asymptotes. It is often more expeditious however to 
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obtain the oblique asymptotes as an approximation of 
the curve to a linear form at infinity as described in the 
next article. 


107. Form of the Curve at Infinity. Another 
Method for Oblique Asymptotes. 

Let P r , F r be used to denote rational algebraical 
expressions which contain terms of the r* and lower, but 
of no higher degrees. 

Suppose the equation of a curve of the 71 th degree to 
be thrown into the form 

(ax + by -f c) P^ + ^ = 0 (1). 

Then any straight line parallel to ax + by = 0 obviously 
cuts the curve m one point at infinity ; and to find the 
particular member of this family of parallel straight 
lines which cuts the curve in a second point at infinity, 
let us examine what is the ultimate linear form to 
which the curve gradually approximates as we travel to 
infinity in the above direction, thus obtaining the ulti- 
mate direction of the curve and forming the equation 
of the tangent at infinity. To do this we make the x 
and y of the curve become large in the ratio given by 

x : y = -b : a, 
and we obtain the equation 

ax + by 4* c + Lt ym -* x =* (p^) = °* 


If this limit be finite we have arrived at the equa- 
tion of a straight line which at infinity represents the 
lirhiting form of the curve, and which satisfies the 
definition of an asymptote. 


To obtain the value of the limit it is advantageous 

to put x =■ — 7 and y = - , and then after simplification 
t t 


make t = 0, 
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Ex. Find the asymptote of 

a? + 3a£y + Zxy* + 2y 8 = x* + y 2 + x. 

We may write this curve as 

(x + 2 y) (x a +xy + y*) = x* + y 3 + x, 

whence the equation of the asymptote is given by 

. n t 4 . afi + y a +x 

*+2y— xt+xy + y*' 

and putting x=— , y = ~ we have 
t t 

4 _1 2 

. „ T , t» + t* t 5-2 1 5 

* + 2y=i tM ^-^-^=Lt^_ = - , 

t» t s+ t* 


Example. Show that a?+y=- is the only real asymptote of the 
rve (x + y) (a ? 4 + y*) = a (a^+ a 4 ). 


108. Next, suppose the equation of a curve put 
into the form 

(ax + by+c) + F^ = 0, 

then the line ax + by + c = 0 cuts the curve in two 
points at infinity, for no terms of the 71 th or (n — 1)* 
degrees remain in the equation determining the points 
of intersection. Hence in general the line 

ax + by + c = 0 

is an asymptote. We say, in general , because if F^ 
be of the form (ax + by + c) itself containing a 
factor ax + by + c, there will be a pair of asymptotes 
parallel to ax + by + c = Q, each cutting the curve in 
three points at infinity. The equation of the curve 
then becomes 

(ax + by + cfP^ + = 0, 


Digitized by Google 


ASYMPTOTES. 


123 


and the equations of the parallel asymptotes are 
ax+by+c=±K/-Lt^~, 

V a 

where x and y in the limit on the right-hand side be- 
come infinite in the ratio . 

y . « 

Or, if the curve be written in the form 

(ax + byf P n _j + (ax + by) = 0, 

in proceeding to infinity in the direction ax + by — 0, 
we have 

(ax+byY + (ax+by) . Lt^=^ 4 = 0 , 

JT n _ 2 Jr n _2 

when the limits are to be obtained by putting x = — j, 

* t 

y=j, and then diminishing t indefinitely. We thus 
t 

obtain a pair of parallel asymptotes, 

ax -{-by — cl and ax + by = /3 , 
where a and ft are the roots of 

p* + P Lt^ + Lt&=± = 0 . 

■* n— 2 «*i »— s 

And other particular forms which the equation of 
the curve may assume can be treated similarly. 

Ex. 1. To find the pair of parallel asymptotes of the curve 
(2x - 3y + l) a (x+y) - 8x+ 2y - 9=0. 

Here 2x-% + l= ±,J , 

V x+y 

where x and y become infinite in the direction of the line 2x=Sy. 

. 3 2 

Putting x =-, y=-, the right side becomes ±2. Hence the 

t t 

jwymptotes required are 2x - 3y = 1 and 2x- 3y + 3=0, 
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Ex. 2. Find the asymptotes of 

(x - y ) a (x* -fy 3 ) - 10 (x - y) x* + 12y* + 2x+y=0. 

Here (* - y)* - 10 (* - y ) = 0, 

or (x-y) a -5(s-y) + 6=0, 

giving the parallel asymptotes x-y=2 and x-y = S. 

109. Asymptotes by Inspection. 

It is now clear that if the equation F n = 0 break up 
into linear factors so as to represent a system of n 
straight lines, no two of which are parallel, they will be 
the asymptotes of any curve of the form 

F n -)r F n—a = 0. 

Ex. 1. (x-y)(x + y)(x + 2y-l)=3x + 4y + 5 

is a cubic curve whose asymptotes are obviously 

x-y- 0, 
x + y= 0, 
x + 2y-l = 0. 


Ex. 2. (x-y)*{x + 2y-l) = 3x + 4iy + 5. 

Here x + 2y -1=0 is one asymptote. The other two asymptotes 
are parallel to y=x. Their equations are 

, / T 3 -f 4 + 5t /7 

i+2-t“ V 3* 

110. Case in which all the Asymptotes pass 
through the Origin. 

If then, when the equation of a curve is arranged in 
homogeneous sets of terms, as 

u n + u n - 2 + u n - 8 + ... = 0 , 

it be found that there are no terms of degree n — 1, and 
if also Un contain no repeated factor, the n straight lines 
passing through the origin, and whose equation is u n = 0, 
are the n asymptotes, 
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EXAMPLES. 

Find the asymptotes of the following curves: — 

1 . y 3 =x 2 (2a — x). 2 . ^=x (a 2 - a?). 

3. x 3 +y 3 =a 3 . 4. y (a 2 -f a?) =a 2 x. 

5. axy = a? - a 3 . 6. y 2 (2a-a:)=a?. 

7. a?+y3=3aay. 8. a?y+y 2 a;=a 3 . 

9. a?y 2 = (a+y) 2 (6 s — y 2 ). 10. x*y 2 = a 2 y 2 — b?x 2 . 

11 . xy (x-y)- a (x 2 -y 2 ) = b 3 . 12 . (a 2 -afl)y 2 =ofl(a 2 +xfi). 

13. xy 2 =4a 2 (2a - a?). 14. y 2 (a-x)=x(b- x )*. 

15. a?y=a?+a?+y. 16. a^+a^yssa^+wi^-f wa?+jy. 

17. a?-f-2a?y — ay 2 — 2y 3 +4y 2 + 2ay+y — 1=0. 

18. a?-2a?y+a7y 2 +a?-ay+2 = 0. 

19. y (x-yf=y (x-y)+2. 

20 . a: 3 + 2a% — 4ay 2 — 8y 3 — 4a; -f- 8y = 1 . 

21 . (a? + y ) 2 (a: + 2y + 2) = a? + 9y - 2. 

22 . 3a? + 17a?y + 21ay 2 — 9y 3 — 2oa? — 12oay — 18ay 2 — 3 a 2 x 4 - a?y 

= 0 . 

* 

111. Intersections of a Curve with its Asym- 
ptotes. 

If a curve of the 11 th degree have n asymptotes, no 
two of which are parallel, we have seen in Art. 109 that 
the equations of the asymptotes and of the curve may 
be respectively written 

F n = 0, 

and F n + F n ^ = 0. 

The n asymptotes therefore intersect the curve again 
at points lying upon the curve F n _ 2 = 0. Now each 
asymptote cuts its curve in two points at infinity, and 
therefore in n — 2 other points. Hence these n (n — 2) 
points lie on a certain curve of degree n — 2. For 
example, 
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1. The asymptotes of a cubic will cut the curve 

again in three points lying in a straight line ; 

2. The asymptotes of a quartic curve will cut the 

curve again in eight points lying on a conic 
section; 

and so on with curves of higher degree. 


EXAMPLES. 

1. Find the equation of a cubic which has the same asym- 
ptotes as the curve a? — CaPy+Wmf — Sy*+x+y +1=0, and which 
touches the axis of y at the origin, and goes through the point 
(3,2). 

2. Show that the asymptotes of the cubic 

x*y-xy 2 +xy+y 2 +x-y=0 

cut the curve again in three points which lie on the line 
#+y= 0. 

3. Find the equation of the conic on which lie the eight 
points of intersection of the quartic curve 

xy (a? — y 2 ) + a*y 2 + Ifix 2 = a 2 b 2 
with its asymptotes. 

4. Show that the four asymptotes of the curve 
(x 2 -y 2 ) (g 2 — 4x 2 ) - 6x* +5x*y +3xy 2 — Sy 3 - x 2 +3xy - 1 =0 

cut the curve again in eight points which lie on a circle. 

112. Polar co-ordinates. 

When the equation of a curve is given in the form 


ViW)+/.W- 0 (1), 

it is clear that the directions given by 

/»(*)- 0 ( 2 ), 

are those in which r becomes infinite. 


Let this equation be solved, and let the roots be 
a, fi, 7, etc. 
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Let XOP = a. Then the radius OP, the curve, and 
the asymptote meet at infinity towards P. Let OF (=p) 



be the perpendicular upon the asymptote. Since OF 
is at right angles to OP it is the polar subtangent, and 

du' Let XOY = a', and let Q be any point whose 

co-ordinates are r, 0 upon the asymptote. Then the 
equation of the asymptote is 

p = r cos (0 — a') (3). 

It is clear from the figure that a! = a — ^ . 

c£0 1 

To find the value of — -=- when u = 0, write - 

an u 

for r in equation (1), and we have 
/(«) + ti/l(tf) = o. 

Whence differentiating 

A'(0) + uf,'(8) + ^f o (0) = O. 
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Putting 6 = a, and therefore m = 0, we have (if //(a) 
be finite) 

(_d6\ _/,(«) 

<W„=o //(«) 


.(4). 


( d0\ 

— for j!) in equation 

(3) and we obtain 


^r^=rcos^-a + ^ = r sin (a — 0). 
Hence the equations of the asymptotes are 
rsinC-S).^, 


113. Rule fbr Drawing the Asymptote. 

( d0\ 

— -j- ) imagine 
du / u= o 

we stand at the origin looking in the direction of that 
value of 0 which makes u = 0. Draw a line at right 
angles to that direction through the origin and of length 

equal to the calculated value of { — -y— ) to the right 

\ duj tt= o 

or to the left , according as that value is positive or 
negative. Through the end of this line draw a perpen- 
dicular to it of indefinite length. This straight line 
will be the asymptote. 

Ex. Find the asymptotes of the curve 
r cos 0 - a sin 6=0. 

Here (6 ) = cos 0 and / 0 (0) = - a sin 0, 

ir Sir 

cos 0=0 gives a= - , /3 = — , etc. 
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and the length of the polar subtangent 

_ f 0 (q) _ -gsina _ 

~/i'( a )~ ~ a ' 

Hence the equations of.the asymptotes are 

rsin 0^=a and rsin 0^J=a, 

i.e. r cos 0=a and r cos 9— - a. 

These are perpendicular to the initial line and at distances a respec- 
tively to right and left of the origin. 

examples. 


Find the asymptotes and draw their positions for the follow- 


ing curves : — 

1. rd^=a. 

3. r sin n6=a. 

5. r=2asind tand. 
7. r=a + b cot n6. 


2. rO=a. 

4. r=a cosec d+ b. 

6. r sin 2 d = a cos 3d. 
8. r* sin n6=a n . 


114. Circular Asymptotes. 

In many polar curves when 6 is increased indefinitely 
it happens that the equation ultimately takes the form 
of an equation in r which represents one or more con- 
centric circles. 


For example, in the curve 
which may be written 



it is clear that if 9 becomes very large the curve approaches in- 
definitely near the limiting circle r=a. 

Such a circle is called an asymptotic circle of the 
curve. 

e. d. c. 9 
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EXAMPLES. 

Find the asymptotes of the following curves : — 


2 . 

4?+l 


A 

6 y _ >- 3 ) 

^ (#-l)(#-2)* 

8. (y-#)^# 4 — a 4 . 

10. y 2 (a 2 -^) = (^-2a 2 ) 2 . 
12. y 3 =(^-l) 2 (j?-4). 


1 . afi -y^^aPxy. 

3. ■tf’-y^ay 4 . 

5. (# - a) y 2 = (2a - *r) # 2 . 

7 y 2 

y- 1 a-2 # 

9. (^t 2 - y 2 ) 2 = aV - 6 2 y 2 . 

13. (y-*)***=4(y-tf)*+16. 14. (*»~V)»= 2(**+^). 

15. a?y 2 -y=aa7 3 +6iP 2 +cfl?+tf. 

16. (y- 2#) 2 (3a? + 4y ) + 3 (y - 2#) (3o? + 4y ) = 5. 

17 . (y - 2a?) 2 (3a? + 4y ) + 3 (y - 2a?) (3a? + 4y ) + 1 ly = 5. 

18. y 4 -4a?y s +3a?^y 2 +4afy-4ar 4 

+ 3y 3 -6a?y 2 -3afy+6a7 3 +2y a -2a? 2 =a?. 

19. r = b sec a6. 

20. r(e , -l)=a(e*+l). 

Find also the circular asymptote. 

21 . r (JP — \)=a(P. 

Find also the circular asymptote. 

sin 6 


22. rcosd=2a: 


23. r cos 20=a sin 36. 


l + sin0 * 

24. Show that the asymptotes of 

(a? 2 — y 2 ) 2 = 2 (a? 2 +y 2 ) 

form a square. 

25. Show that the asymptotes of 

x*y* - a 2 (a?®+y 2 ) - a 3 (#+y) +a 4 =0 
form a square, through two of whose angular points the curve 
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26. Show that the asymptotes of 

at + 2aty — xy* — 2y : 3 + at — y 1 = 2x + 3y 
cut the curve again in three points collinear with the origin. 

27. Show that the asymptotes of the quartic 

at — baty* + 4y * + at - xy 2 - 2x*y + 2y 3 - xy = 1 

cut the curve again in eight points lying upon a rectangular 
hyperbola. 

28. Show that the asymptotes of the quartic 

(at -y 2 ) (^-4y 2 ) + 2# s -2ay 2 + 2# 2 ~2ay=2:r+2y- 1 

cut the curve again in eight points lying upon a parabola which 
touches the co-ordinate axes. 

29. Show that the three quartics 

(a) xy (at - y 2 ) + 2at +y 2 = 1, 

(b) xy(at-y*)+at+2y*=l, 

(c) ay (^-y 2 ) + 2^ 2 +2ay+2y 2 =l 

have the same asymptotes; and that each of the three conics 
on which lie the other eight points of intersection of each curve 
with its asymptotes have double contact with a certain circle. 

30. Find the asymptotes of the sextic 

xy (at— y 2 ) (# 2 -4y 2 ) + 2# 2 y (x*-y 2 )+bat+by 2 =\. 

Show that they cut the curve again in twenty-four points 
lying upon a certain quartic. Find the equation to this quartic 
and show that its own asymptotes are common with four asymp- 
totes of the sextic and that they cut the quartic again in eight 
points lying upon a circle. Also that the remaining asymptotes 
of the sextic are tangents to this circle. 


9—2 
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CHAPTER X. 


CURVATURE. 

115. Angle of Contingence. 

Let PQ be an arc of a curve. Suppose that between 
P and Q the bending is continuously in one direction. 
Let LPR and MQ be the tangents at P and Q, inter- 



secting at T and cutting a given fixed straight line LZ 
in L and M. Then the angle RTQ is called the angle 
of contingence of the arc PQ. 

The angle of contingence of any arc is therefore the 
difference of the angles which the tangents at its ex- 
tremities make with any given fixed straight line. It 
is also obviously the angle turned through by a line 
which rolls along the curve from one extremity of the 
arc to the other. 
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116. Measure of Curvature. 

It is clear that the whole bending or curvature which 
the curve undergoes between P and Q is greater or less 
according as the angle of contingence RTQ is greater or 

less. The fraction is cdlod the 

length ot arc 

average bending or average curvature of the arc. We 
shall define the curvature of a curve in the immediate 
neighbourhood of a given point to be the rate of deflection 
from the tangent at that point. And we shall take as 
a measure of this rate of deflection at the given point 

,, i. . angle of contingence . 

the limit of the expression — ? 5 when 

r length of arc 

the length of the arc measured from the given point, 
and therefore also the angle of contingence are inde- 
finitely diminished. 

117. Curvature of a Circle. 

In the case of the circle the curvature is the same at 
every point and is measured by the reciprocal of the 
radius. 



For let r be the radius, 0 the centre. Then 

sfQ-pdQ-^S, 

r 

the angle being supposed measured in circular measure. 
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Hence 

aQgle of contingence _ 1 
length of arc r 9 

and this is true whether the limit be taken or not. 
Hence the “curvature” of a circle at any point is 
measured by the reciprocal of the radius. 

118. Circle of Curvature. 

If three contiguous points P, Q, It be taken on a 
curve, a circle may be drawn to pass through them. 
When the points are indefinitely close together, PQ and 
QR are ultimately tangents both to the curve and to 
the circle. Hence at the point of ultimate coincidence 
the curve and the circle have the same angle of con- 
tingence , viz. the angle RQZ (see Fig.). Moreover, 
the arcs PR of the circle and the curve differ by a 
small quantity of order higher than their own, and 
therefore may be considered equal in the limit (see Art. 
81). Hence the curvatures of this circle and of the 



curve at the point of contact are equal. It is therefore 
convenient to describe the curvature of a curve at a 
given point by reference to a circle thus drawn, the 
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reciprocal of the radius being a correct measure of the 
rate of bend . We shall therefore consider such a circle 
to exist for each point of a curve and shall speak of it 
as the circle of curvature of that point. Its radius 
and centre will be called the radius and centre of 
curvature respectively, and a chord of this circle 
drawn through the point of contact in any direction 
will be referred to as the chord of curvature in that 
direction. 


119. Formula for Radius of Curvature. 


Let PQ and QR be considered equal chords, and 
therefore when we proceed to the limit the elementary 
arcs PQ and QR may be considered equal. Call each 
8s, and the angle RQZ = 8yfr. 

Now the radius of the circum-circle of the triangle 
PQR is 


PR 

2 sin PQR ' 

Hence if p be the radius of curvature, we have 

- T+ PR r, 

^ 2 sin PQR 2 sin 8\/r 


j. 8s 8yfr _ ds 
8yjr * sin 8yfr d\/r 


.(A). 


Also, it is clear that the lines which bisect at right 
angles the chords PQ, QR intersect at the circum- 
centre of PQR, i.e. in the limit the centre of curvature 
of any point on a curve may be considered as the point 
of intersection of the normal at that point with the normal 
at a contiguous and ultimately coincident point . 


120. The formula (a) is useful in the case in which the equation 
of the curve is given in its intrinsic form, i.e. when the equation is 
given as a relation between t and \f/. For example, that relation for 
a catenary is #=c tan whence 

ds . 
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and the rate of its deflection at any point is measured by 
1 _ CQ6*^ _ c 
p~ c “H+c** 


121. Transformatioiui. 


This formula must be transformed so as to suit each 
of the systems of co-ordinates in which it is usual to 
express the equation of a curve. These transformations 
we proceed to perform. 

We have the equations 


dx 

C0. + -3J, 


sini/r = 


dy 
ds * 


Hence, differentiating each of these with respect to s, 

, dyjr dx , ddr cPu 

-Sm *ds cos ifr . = — ^ 


whence 


1 

P 


ds*’ 

dx 

ds* 

^y 

ds 


ds ds* ’ 


dy 

ds* 

3# 

ds 


•(b). 


and by squaring and adding 


1 fdxV fdyV 
p* \ds*/ VdW 


.(c). 


These formulae (b) and (c) are only suitable for the 
case in which both x and y are known functions of s. 


122. Cartesian Formula. Explicit Functions. 

Again, since tan y/r = ^ , 


we have 


S6C ^ dx da?’ 


by differentiating with regard to x. 
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Now 


d^r _ d^r d$ _ 1 

dx ~ ds ' dx p cos yfr ’ 


therefore 


sec.* 1=^ 

^^'p da?’ 


and 


sec* \fr = 1 + tan* = 1 + 



therefore 



(D). 


This important form of the result is adapted to the 
evaluation of the radius of curvature when the equation 
of the curve is given in Cartesian co-ordinates, y being 
an explicit function of x. 


Ex. In the curve y = log sin x, 

we have y 1 = cot x, 

y 2 — -cosec 2 *. 


Hence 


(i±Vj¥ 


(1+cot^*)^ 

cosec 2 * 


= cosec x. 


123. Curvature at the Origin. 

When the curve passes through the origin the values 
of ^(= p) and ^ (= g) at the origin may be deduced 
without actual differentiation by substituting for y the 
expression px 4- ^ -f ... (the expansion of y by Mac- 
laurins Theorem) and equating coefficients of like 
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powers of a? in the identity obtained. The radius of 
curvature at the origin may then be at once deduced 
from the formula 

p — ± ^ - [Formula (d)]. 

Ex. Find the curvature of the conic y - x=x 2 + 2xy + y 2 at the 
origin. 

Putting y=P x + q$j+ • 

we have (p-l)x + ^+...=x a +2px 2 +p a x 2 +... 
identically; 

whence by equating coefficients of like powers of x, 
p=l, q = 2(p+l)*=8, 

and #)= ( 1 jh^)! = 2-i=-3535.... 

« 

124. If we apply the same method to the general curve 
ax+by 

+ a'x 2 + 2 h'xy + b'y 2 

+ =0 (1), 

we obtain after substituting 

qx 2 _ 

p a?+ Vr + **’ for y> 

and collecting the powers of x, 

(a + bp) x + +2h'p + b'p 2 + x*+ ... =0. 


Hence a + bp=. 0 (2), 

a' + 2Vp + Vp* + 7 ^= 0 ( 8 ), 

etc., 
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giving 

*=-i 

whence 

/»=*■ 


j. a* + 2h'p+tfp* 


, etc., 


( 4 ), 


q “2a , 6 2 -2A'a6 + 6 , a* 

the value of the radius of curvature of the given curve at the origin. 


125. Tangents at the origin. Double point. 
It will be noted that the equation 


J>= 


indicating the value of ^ at the origin proves the equation of the 
tangent there to be 

|=-£, or aX+bY=0, 

which therefore might be at once written down as being the terms of 
the lowest degree in the equation of the curve (see Art. 87). 

When no linear terms occur in the equation of the curve we have 
a = 0 and 6=0, and the value of at the origin takes an undeter- 
mined form. We however obtain from equation (3) the quadratic 
b'p* + 2h'p + o'= 0 (5), 

giving two values of p at the origin. It is thus indicated that in this 
case two branches of the curve pass through the origin in the direc- 
tions given by equation (5). The tangents to the curve at the origin 
are therefore 

a'X*+2h'XY+b'Y*=0, 

a result which may be written down by inspection from the equation 
of the curve, by equating to zero the second degree terms; i.e. the 
terms of lowest degree (Art. 87). The origin is now said to be a 
double point upon the curve. 

The curvatures of the two branches at the double point may be 
obtained by the same method as before (Art. 123) as shown in the 
following example. 

Ex. Find the radii of curvature at the origin for the curve 
y 2 - 3*y + 2x* - s*+y 4 =0. 
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Substituting px + ... for y, and collecting the powers of x t 

we have (p*-3p + 2)x*+(pq -|g -l^x s + ...=0, 


we 
whence 


whence 

and 

and therefore 


p 2 -3p+2=0, 

g 

i>«-2«- 1=0 > 

etc., 

p=l or 2, 
q= -2 or 2, 


£ 


= f = |n/6=5'59°.... 


The difference of sign introduced by the q indicates that the two 
branches passing through the origin bend in opposite directions. 


B 



126. Newtonian Method. 

The Newtonian Method of finding the curvature of 
the curve at the origin is instructive and interesting. 
Suppose the axes taken so that the axis of a? is a tangent 
to the curve at the point A, and the axis of y, viz. AB, 
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is therefore the normal. Let APB be the circle of 
curvature, P the point adjacent to and ultimately co- 
incident with A in which the curve and the circle inter- 
sect ; PN a perpendicular upon AB. Then 


or 


PN* = AN.NB , 


NB = 


PN* 

AN' 


Now in the limit 


NB = AB = twice the radius of curvature. 


^ t 1PN* 

Hence P = Lt lAN = U Ty- 


• (E). 


Similarly, if the axis of y be the tangent at the 


origin, we have 




Ex. Find the radius of curvature at the origin for the curve 
2a; 4 + 3y* + Axhf + xy - y 2 + 2x = 0. 

In this case the axis of y is a tangent at the origin, and therefore 
v* 

we shall endeavour to find Lt — . 

2x 

i /2 «2 

Dividing by a;, 2x* + 3y 2 .^- + 4a;y +y -2_ + 2=0. 

v 2 

Now, at the origin Lt ~=2p,x=0, y=0, and the equation becomes 
— 2 />+ 2 = 0 , 

or />=!. 


EXAMPLES. 

1. Apply formula (a) to the curves 

8— a sin^r, « = a sec 3 

»=alogtan(| + |). 
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2. Apply formula (d) to the curves 

y=c cosh y=a log sec 

3. Apply formulae (b and c) to the curve for which 

«\ 

X=flC 08 - 

a 

► • 

. s 

y=a sm - 

CL t 


4. Prove that in the case of the equiangular spiral whose 
intrinsic equation is 

,=<»(*■*— 1), 

p=maJ m ¥. 

5. For the tractrix s=c log sec ^ prove that 

p—eian^. 

6. Show that in the curve 

y=x+ar*-jr 5 

the radius of curvature at the origin ='4714..., and that at 
the point (1, 3) it is infinite. 


7. Show that in the curve 

y*- ary - +y 6=0 

the radii of curvature at the origin are 

^>/n and 5 «/2. 


8. Show that the radii of curvature of the curve 


fear the origin 


* a-x 
= ±a */% 


and for the point ( -a, 0) 


a 

4* 


9. Show that the radii of curvature at the origin for the 
curve 

x s +y s =3a*y 


are each 


3a 
2 * 


Digitized by Google 



CURVATURE. 


143 


10. Prove that the chord of curvature parallel to the axis 
ofy for the curve 


y=a log sec - 


is of constant length. 


11. Prove that for the curve 

(sec 3 y/r- 1 ), 
p = 3m tan sec 3 fa 


and hence that 


dx dx 2 


Also, that this differential equation is satisfied by the semicubical 
parabola 

27 my* = 80 ?. 


12. Prove that for the curve 

i . (v yV\ , sintlr 
*=«logcot^-|j+« c -^, 

p = 2asec s i/r ; 

and hence that 

da? 2 a * 

and that this differential equation is satisfied by the parabola 

#*=4 ay. 

X 

13. Show that for the curve in which 

Cp—S (** — c 2 )^. 


14. Show that the curve for which s^*^ 8 ay 
has for its intrinsic equation 

*=4a sin y/r. 


Hence prove 





(the cycloid) 
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15. Prove that the curve for which y 2 =c 2 +« 2 (the catenary) 
has for its intrinsic equation 

*=ctan yfr. 

y 2 

Hence prove p=^-=the part of the normal intercepted be- 
tween the curve and the #-axis. 

127. Formula for Pedal Equations. 

Since a curve and its circle of curvature at any point 
P intersect in three contiguous and ultimately coincident 
points they may be regarded as having two contiguous 
tangents common. Therefore the values of r 4- Sr and 



p + Sp are common in addition to those of r and p ; i.e. 
dv 

the value of ^ is common. Now let 0 be the pole and 

C the centre of curvature corresponding to the point P 
on the curve. 

Then OG 2 = r 2 + p 2 — 2 rp cos OPG 

= r 3 + p 2 — 2 rp sin <f> 

= r 2 -f p 2 — 2pp. 
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Considering this as referring to the circle (for which 00 
and p are constant) we obtain by differentiating 

0 = 2 r dp -2p ’ 

and it has been pointed out that the values of r and 
d*r 

- 7 - are the same at the point P for the curve and for 
dp r 

the circle. Hence for the curve itself we also have 


dr 

p ~ r dp 


(F). 


Ex. In the equation p^—Ar^+B, which represents any epi- or 
hypocycloid [p. 113, Ex. 23], we have 


and therefore p oc p. 

The equiangular spiral, in which p oc r, is included as the case in 
which B=0. 


128. Polar Curves. 

We shall next reduce the formula to a shape suited 
for application to curves given by their polar equations. 

We proved 

in Art. 95 that 


^|H 

II 

% 

+ 

Hence 

1 dp ( d?u\du 
~p i d0~{ u + d0>)d0’ 

or 

ii 

i 

X 

ii 

Now 

rdr . 1 

p = -j— and r = 
r dp u 

S. D. C. 

10 
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129. 
thus : — 

Since 
we have 


This may easily be put in the r, 0 form 


1 



du __ 1 dr 

d6~-^d0’ 



130. Tangential Polar Form. 

Let the tangent P X T make an angle yfr with the 
initial line. Then the perpendicular makes an angle 

7T 

a = yfr — ^ with the same line. Let OY—p . Let PJ? a 

be the normal, and P, its point of intersection with the 
normal at the contiguous point Q. Let 0Y 1 be the 
perpendicular from 0 upon the normal. Call this p x . 
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Let P 2 P, be drawn at right angles to P x P ti and let the 


Y 


x 


length of 0F 2 , the perpendicular upon it from 0, be p 2 . 
The equation of P X T is clearly 

p = x cos a -f y sin a (1). 

The contiguous tangent at Q has for its equation 

p + 8p = x cos (a -f 8a) -f y sin (a + 8a). . .(2). 

Hence subtracting and proceeding to the limit it ap- 
pears that 

^2==— a?sin a -f y cos a (3) 

is a straight line passing through the point of inter- 
section of (1) and (2); also being perpendicular to (1) it 
is the equation of the normal PiA* 

Similarly ^ = — x cos a — y sin a. ... * (4) 

represents a straight line through the point of inter- 
section of two contiguous positions of the line P X P 2 and 
perpendicular to PyP i9 viz. the line P 2 P 8 , and so on for 
further differentiations. 

10—2 
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From this it is obvious that 


Gy _ ^2 _ since 

da dyfr 

nv -*P- <*P 

2_ da a_ d^’ 


d±_ 

da ’ 


etc. 


Hence P 2 F = , 

chf 

and p = P 1 P i =OY+OY i =p+ < ^...{i). 

This formula is suitable for the case in which p is given 
in terms of yfr. 


Ex. It is known that the general p, \j/ equation of all epi- and 
hypocycloids can be written in the form 

p=A sin Bxp. 

Hence />= A sin B\j/ - AB* sin Byf/, 

and therefore p oc p. 


131. Point of Inflexion. 

If at some point upon a curve the tangent, after its 
cross and recross, crosses the curve again at a third 
ultimately coincident point, as shewn magnified in the 


figure, the point is called a point of inflexion. At such 
a point the two successive chords PQ, QR are in line 
and the angle of contingence vanishes. 
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At a point of inflexion the circle of curvature passes 
through three collinear points, and the radius of curva- 
ture becomes infinite and changes sign. We may hence 
deduce various forms of the condition for a point of 
inflexion ; thus if 


we get 


p = oo, 

^ = 0 from (a), 


^ = 0 from (D), 

u+ w* =( * from 




= 0 from (h). 


132. List of Formulae. 

The formulae proved above are now collected for 
convenience. 


II 

3* 

(A), 

(fix d?y 


1 ds* ds 1 

(B), 

p dy dx 

ds ds 


1 /<fcr\* /(fyy 

W) Uv 

(c), 

P = — z* 

(D). 



II 

by 

(■). 

dr 

p= r di 

•(*). 
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_ (w 2 + V)* 

^ M’(m + Mj) 

_ (r^ + n 2 )* 

^ r 2 + 2ry — rr, 

d*p 

P = p+— t 


dyfr 1 ' 


■(«). 

(h), 

•d). 


EXAMPLES. 


1. Apply formula (f) to the curves 

^m+l 

p?=ar, ap=r>, p=— — . 


2. Apply formulae (g), (h) to the curves 

au—B^ r=a6, r—a sin 6 . 

3. Apply the polar formula for radius of curvature to show 
that the radius of the circle 

• a 

r=a cos B is - . 

2 


4 . Show that for the cardioide r = a ( 1 4- cos B) 
4a B , 

3 COS ® ; x ^ r * 


2 ’ 


Also deduce the same result from the pedal equation of the 
curve, viz., ____ 

P V2a=ri 


5. Show that at the points in which the Archimedean spiral 
r—aB intersects the reciprocal spiral rB—a their curvatures are 
in the ratio 3 : 1. 


6. For the equiangular spiral r—a^ prove that the centre 
of curvature is at the point where the perpendicular to the 
radius vector through the pole intersects the normal. 


7. Prove that for the curve 

r—a sec 2B, 
r* 

p ~ 3 f 
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8. For any curve prove the formula 

r 

P= 

where tan rf>= # ^ . 

^ dr 

Deduce the ordinary formula in terms of r and 6. 

9. Show that the chord of curvature through the pole for 
the curve 

P-/M 

is given by chord = 2p ^ = 2 ^ . 

10. Show that the chord of curvature through the pole of 
the cardioide 

4 

r=a (1+cosd) is ^ r. 

11. Show that the chord of curvature through the pole of 
the equiangular spiral 

r=a& n * is 2 r. 

12. Show that the chord of curvature through the pole of 
the curve 

. 2r 

r™ = a m cos rrw is — — . 

m+1 

Examine the cases when m= - 2, - 1, 1, 2. 

13. Show that the radius of curvature of the curve 

r—amnn6 

...... na 

at the origin is — . 

14. For the curve r m =a m cosmtf, 

prove that . 

Examine the particular cases of a rectangular hyperbola, 
lemniscate, parabola, cardioide, straight line, circle. 
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133. Centre of Curvature. 

The Cartesian co-ordinates of the centre of curva- 
ture may be found thus : — 

Let Q be the centre of curvature corresponding to 
the point P of the curve. Let OX be the axis of x ; 
0 the origin ; x , y the co-ordinates of P ; x, y those of 



Q ; yfr the angle the tangent makes with the axis of x. 
Draw PN, QM perpendiculars upon the a>axis and PR 
a perpendicular upon QM. Then 

x = OM = ON — RP 


= ON — QP sin yfr 
= x — p sin 

and y = MQ = NP + RQ 

= y + p cos 

Now tan^^y^ 


therefore 

and 


sin y/r = 


Vi 

-s/i +y l 1 ' 


cos \/r = 


1 _ 

■Ji + y?' 
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Also 


Hence 


' g+a’) 1 

p s - ' 




EXAMPLES. 


1. For the parabola 


prove 


y=a?/4a, 

X s 3 x 2 

* = ~w' y =2a+ ^ • 


4 a 


(a). 

m 


2. For the parabola 

y 2 =4ax, 

prove x = 2a + y= - 2x^Ja\ p =* 2 SP^/a\ 

SP being the focal distance of the point of the parabola whose 
coordinates are (x, y). 


3. For the ellipse 


x?/a*+y*/b 2 = 1, 

_ __ fc2_ a 2 a 25* 

prove x- -jr x», y= — ^ f, p= 
p being the central perpendicular upon the tangent at (x, y). 

4. For the cubical parabola 

afy^x 3 , 

- x /_ 9^\ _ 5 X s a 2 

*“2\ 1- aV’ y_ 2 a* + ' 


prove 


Contact. 

134. Consider the point P at which two curves cut. 
It is clear that in general each has its own tangent at 
that point, and that if the curves be of the m* and 71 th 
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degrees respectively, they will cut in ran — 1 other 
points real or imaginary. 



Next, suppose one of these other points (say Q) to 
move along one of the curves up to coincidence with P. 
The curves now cut in two ultimately coincident points 
at P, and therefore have a common tangent. There is 
then said to be contact of the first order . It will be 
observed that at such a point the curves do not on the 
whole cross each other . 

Again, suppose another of the ran points of inter- 
section (viz. P) to follow Q along one of the curves to 



coincidence with P. There are now three contiguous 
points on each curve common, and therefore the curves 
have two contiguous tangents common, namely, the 
ultimate position of the chord PQ and the ultimate 
position of the chord QR. Contact of this kind is said 
to be of the second order , and the curves on the whole 
cross each other. 

Finally, if other points of intersection follow Q and 
R up to P, so that ultimately k points of intersection 
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coincide at P, there will be k — 1 contiguous common 
tangents at P, and the contact is said to be of the 
(Jfc — 1)* order. And if A? be odd and the contact there- 
fore of an even order the curves will cross, but if & be 
even and the contact therefore of an odd order they will 
not cross . 

135. Closest Degree of Contact of the Conic Sections with a 
Curve. 

The amplest curve which can be drawn so as to pass 
through two given points is a straight line, 
do. three do. circle, 

do. four do. parabola, 

do. five do. conic. 

Hence, if the points be contiguous and ultimately coincident points 
on a given curve, we can have respectively the 

Straight Line of Closest Contact (or tangent), having contact of the 
first order and cutting the curve in two ultimately coincident 
points, and therefore not in general crossing its curve ; the 
Circle of Closest Contact , having contact of the second order and cut- 
ting the curve in three ultimately coincident points, and therefore 
in general crossing its curve (this is the circle already investigated 
as the circle of curvature) ; the 

Parabola of Closest Contact, having contact of the third order and 
cutting the curve in four ultimately coincident points, and there- 
fore in general not crossing ; and the 
Conic of Closest Contact, having contact of the fourth order and cut- 
ting the curve in five ultimately coincident points, and therefore 
in general crossing . 

It is often necessary to qualify such propositions as these by the 
words in general . Consider for instance the “ circle of closest contact” 
at a given point on a conic section. A circle and a conic section 
intersect in four points, real or imaginary, and since three of these 
are real and coincident, the circle of closest contact cuts the curve 
again in some one real fourth point. But it may happen , as in the case 
in which the three ultimately coincident points are at an end of one of 
the axes of the conic that the fourth point is coincident with the other 
three, in which case the circle of closest oontact has a contact of 
higher order than usual, viz., of the third order, cutting the curve 
in four ultimately coincident points, and therefore on the whole not 
crossing the curve. The student should draw for himself figures of 
the circle of closest contact at various points of a conic section, 
remembering that the common chord of the circle and conic and the 
tangent at the point of contact make equal angles with either axis. 
The conic which has the closest possible contact is said to osculate 


Digitized by Google 



166 DIFFERENTIAL CALCULUS. 

its curve at the point of contact, and is called the otculating conic . 
Thus the circle of curvature is called the oeculating circle , the para* 
bola of closest contact is called the otculating parabola, and so on. 

136. Analytical Conditions for Contact of a 
given order. 

We may treat this subject analytically as follows. 
Let y =£(*)) 

*- + (*) ) 

be the equations of two curves which cut at the point 

P («. y)- 

Consider the values of the respective ordinates at 
the points P ly P, whose common abscissa is x+h. 

Let MN=h. 

Then iVP, = <f> (x + h), 

NP t = ^(x + h), 

and P, P, = NP X - NPi = <f>(x + h) — ylr(x + h) 

= [<t> 0*0 - ^ 0 * 0 ] + h [4>' 0*0 - 1r (*)] 

+^,cr («>-+" («)]+•••• 



If the expression for P f P t be equated to zero, the 
roots of the resulting equation for h will determine the 
points at which the curves cut. 
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If <f> (x) = ^ (a?), the equation has one root zero and 
the curves cut at P. 

If also <f> f (x) = (#) for the same value of a:, the 

equation has two roots zero and the curves cut 
in two contiguous points at P, and therefore 
have a common tangent. The contact is now of 
the first order . 

If also <f>" (x) = yfr" (x) for the same value of x, the 
equation for h has three roots zero and the 
curves cut in three ultimately coincident points 
at P. There are now two contiguous tangents 
common, and the contact is said to be of the 
second order; and so on. 

Similarly for curves given by their polar equations, 
if r ss f{6\ r = <f>(0) be the two equations, there will be 
n 4- 1 equations to be satisfied for the same value of 6 
in order that for that value there may be contact of the 

order, viz. 

r (*)-+'(*>> /"w=r(*) 

f”(e) = p(d). 


examples 

1. Shew that the parabola whose axis is parallel to the y axis 
and which has the closest contact possible with the curve 

at the point (1, 1) is 

y=3-8a?+6a^. 

2. Draw carefully the circle of curvature 

(1) at an ordinary point on an ellipse, 

(2) at the end of the major axis, 

(3) at the end of the minor axis, 

(4) at an ordinary point on a parabola, 

(5) at the vertex of the parabola, 
and name the order of contact in each case. 


Digitized by Google 



158 


DIFFERENTIAL CALCULUS. 


3. Shew that the curves 

y = at * + 1 ( x - a) (x - b)> 
y=X n+1 (x—c) (x—d) f 
have contact of the n tt order at the origin. 

P.TAMPT.'Rfl 

1. Find the curvature at the origin in the curves 

(a) y=2#-f 

(b) y=2x+3x 2 +4xy i 

(c) (y-x)(y-2x)=x*+y 3 , 

(d) (x - y ) 2 (a? - Zy){x - 3y) = 2a (*» - y 3 ) + 2a 2 (x +y)(x- 2y). 

X 

2. In the curve y—ae a , 

prove p = a sec 2 0 cosec 0, where d=tan -1 ^, 

and that the curve has no point of inflexion. 

3. In the lima9on r=a+b cos d, 

(a 2 + 2a6 cos d + 

pr0VB p_ a*+3a6cos<J+2& 2 ’ 

and hence shew that if a and 6 are both j>ositive the limagon can 
onlv have points of inflexion when a is intermediate between b 
and 2 b. 

Deduce for a cardioide (6= a), 

4 6 

peaces-. 

4 . Shew that the curve y=e~** has points of inflexion where 

x— il/yy/2. 

5. Shew that y = a sin - has points of inflexion wherever it 

a 

cuts the 47-axis. 

6. Shew that the points of inflexion upon 

4fy=a 2 (4?-y), 

are given by 4?=0 and x— ±a ^3. 
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7 . Shew that the curve 

47 ( 47 *— ay)=a 8 

has a point of inflexion where it cuts the 47-axis. Find the 
equation of the tangent there. 

8. Shew that the curve 

#3+y8s=a 8 

has inflexions where it cuts the coordinate axes. 

9. Shew that the curve 4?=log has a point of. inflexion 

at (-2, -2<r*). 

10 . Shew that r >J S—a has a point of inflexion at a distance 
a *J2 from the pole. 

11 . Find the points of inflexion upon 

I2y=x*- 1647 s +424?*+ 1247+1. 

12 . Shew that in a parabola the chord of curvature through 
the focus and the chord of curvature parallel to the axis are each 
four times the focal distance of the point of contact. 

13 . In a parabola the common chord of the curve and its 
circle of curvature = 8 \jr (r— a). 

14 . In the chainette y=ccosh- the chord of curvature 

parallel to the y-axis is double of the ordinate, and that parallel 
to the 47-axis 

. , 2x 
— c smh — . 
c 

15 . If C x and C y be the chords of curvature parallel to the 
axes at any point of the curve 

X 

y=a#, 

prove that 

1 _L L_ 

C* + C,'-2aC, 

16 . If C r and C$ be the chords of curvature respectively 
along and perpendicular to the radius vector, shew that 

c r J&, 

r r 
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17. At the point upon the Archimedean Spiral 

r=a6 , 

at which the tangent makes half a right angle with the radius 
vector, 

4 

prove C r —CB=-a. 

u 

18. Shew that for each of the curves 

r—a°y r6=a, rainn6—a y rsinh n6—a, 

' r cosh n3—a (Cotes’s Spirals), 

the curvature x^- • 

19. Shew that in the curve for which 

y=a cos™ yfr, 

the radius of curvature is m times the normal. 

20. Shew that in the curve for which 

y=o£ m *, 

the radius of curvature is m times the tangent. 

21. Shew that in the curve for which 

r a =a 2 -|-& 2 ^, 

the radius of curvature varies inversely as the perpendicular 
from the origin upon the normal. 

22. Shew that in the chainette the radius of curvature varies 
as the square of its projection upon the y- axis. 


23. In the curve 

6= cos 1 — , 

a r 

shew that p 2 =2as, 

s being so measured that p and s vanish together. 

24. Prove that in any curve 

^={3>yiy ! *-y s (i+yiW, 

and shew that at every point of a circle 

y s=3yiys 2 /(i+yi 2 )- 
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25. For any plane curve prove 

w p*~d* df~d& <&’ 

« ?M£)H£H^ 

,* cfta? cftr cfty dy Z dp 
{C) d*' ds + d* ds~J*ds' 

W C&* S 2 ^4 ' df-p* S’ 
ofcr cfo cPy rfy 
. x ~d^3s + d** ‘ ds 
* P d K x dhf dfy d?x* 
dJ'd#~d*'d& 


E.D. C. 


11 
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ENVELOPES. 

137. Families of Curves. 

If in the equation y, c) = 0 we give any arbitrary 
numerical values to the constant c, we obtain a number 
of equations representing a certain family of curves; 
and any member of the family may be specified by the 
particular value assigned to the constant c. The quan- 
tity c, which is constant for the same curve but different 
for different curves, is called the parameter of the 
family. 

138. Envelope. Definition. 

Let all the members of the family of curves 
<f>(x i y,c) = 0 

be drawn which correspond to a system of infinitesimally 
close values of the parameter, supposed arranged in 
order of magnitude. We shall designate as consecutive 
curves any two curves which correspond to two consecu- 
tive values of c from the list. Then the locus of the 
ultimate points of intersection of consecutive members 
of this family of curves is called the ENVELOPE of the 
family. 
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139. The Envelope touches each of the Inter- 
secting Members of the Family. 

Let A y B y G represent three consecutive intersecting 



members of the family. Let P be the point of inter- 
section of A and B , and Q that of B and G. 

Now, by definition, P and Q are points on the en- 
velope. Thus the curve B and the envelope have two 
contiguous points common, and therefore have ulti- 
mately a common tangent, and therefore touch each 
other. Similarly, the envelope may be shown to touch 
any other curve of the system. 

140. The Envelope of A\ 2 -+ 22ft, -+ C = 0 is 

&=AC. 

If Ay By G be any functions of x } y and the equation 
of any curve be 

-f 2 Zft -+ G = 0, 

X being an arbitrary parameter, the envelope of all such 
curves for different values of X is B* = AG. 

For the equation 

./lx 2 + 2 2ft + (7 = 0 

may be regarded as a quadratic equation to find the 
values of X for the two particular members of the family 
which pass through a given point ( x y y). Now, if (x, y) 
be supposed to be a point on the envelope, these mem- 
bers will in the limit be coincident. Hence for such 
values of x, y the quadratic for X must have two equal 
roots, and the locus of such points is therefore 
B 2 = AG. 

11—2 
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Ex. 1. Thus the line y=mx+^ may be written in the form 
m?x-my+a=0, 

whence the equation of the envelope for different values of m is plainly 
y % =4ax. 

Ex. 2. The line y=mx+ Ja?m*+lP 
may be written in the form 

m* (a 3 - a*) - 2 mxy+y 2 - 6 s =0, 

and the envelope is 

a?y*=(x* - a?) (y 2 -&*), 
or «*/«*+ y a /6 3 = 1. 

141. Envelope of <f> ( x , y, c ) = 0. 

The envelope of the more general family of curves 
<f> (x, y> c) = 0 

may be considered in the same way. 

It is proved in Theory of Equations that if /(c) = 
be a rational algebraic equation for c the condition for 
pair of equal roots is obtained by eliminating c between 
/(c) = 0 and /'(c) =0. 

Hence to find the envelope of 
<H®>y>c) = 0 

we differentiate with regard to c thus forming 

g 

fc<t>(a:,y,c) = 0 

and then eliminate c. 

Ex. 1. Thus to find the envelope of the line 

. a 

y=cx+- 

c 

for different values of c, we have upon differentiating with regard to e 
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whence 

and squaring, 

giving 


cy=a+c*x=2a, 

j/2.-=4a 2 , 

y 2 =4ax. 


Ex. 2. Find the envelope of 

xcoePd+y sin 8 0=a 

for different values of 6. 

Differentiating with regard to 0 , 

- x cos 2 0 sin 0+y sin 2 0 cos 0= 0, 


giving 


cos 0 _ sing AycoB a fl+Bin 2 fl_ l 
Hence the equation of the envelope is 


r 


(x 2 +y 2 )^ + y (a;2 + 2/ 2 )^ 


r=a, 


xy 

5 =a ’ 


Jx 2 +y* 

which may be written ^ + -4 = -4 
xr y * dr 


examples. 

1. Show that the envelope of the line 



when ab=c?, a constant, is 

4zy=c 2 . 

2. Find the equation of the* curve whose tangent is of the 
form 

y=mx+m*, 

m being independent of x and y. 

3. Find the envelope of the curves 

a 2 cos 6 ^sind^c 2 
x y ~a 

for different values of 0. 
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4. Find the envelope of the family of trajectories 

, A 1 x* 

y=a?tand — -q « . 

^ 2 ^f tt 2 C 08 2 d , 

6 being the arbitrary parameter. 

5. Find the envelopes of straight lines drawn at right angles 
to tangents to a given parabola and passing through the points 
in which those tangents cut 

(1) the axis of the parabola, 

(2) a fixed line parallel to the directrix. 

6. Find the envelope of straight lines drawn at right angles 
to normals to a given parabola and passing through the points 
in which those normals cut the axis of the parabola. 

7. A series of circles have their centres on a given straight 
line, and their radii are proportional to the distances of their 
corresponding centres from a given point in that line. Find the 
envelope. 

8. P is a point which moves along a given straight line. 
PM, PN are perpendiculars on the co-ordinate axes supposed 
rectangular. Find the envelope of the line MN. 


142. The envelope of 

4>(x,y,c )= o (i) 

may also be obtained as follows : 

Let <j> (x, y, c + Sc) = 0 (2) 


be the consecutive member of the family. 

This, by Taylor’s Theorem, may be expressed in its 
expanded form as 

0 

<K X > V> c) + <f> (x, y , c)+ ... = 0. 

Hence in the limit when Sc is infinitesimally small 
we obtain 

g 

g^0r,y,c) = 0 

as the equation of a curve passing through the ultimate 
point of intersection of the curves (1) and (2). 
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If then we eliminate c between 

<Hx,y,c)= 0 

d ■ > 

and ^<f>(x,y,c) = 0 

- 

we obtain the locus of that point of intersection for all 
values of the parameter c. This is the Envelope. 
Polar curves of the form 

(r, 0, c) = 0 

may be treated in the same manner. 

Ex. 1. Find the envelope of a circle drawn upon radii vectores of 
the circle r=2a oos 0 as diameters. 

Let d, a be the polar co-ordinates of any point on the given circle, 
then <2= 2a cos a. 

The equation of a circle on the radius vector d for diameter is 


r=dcos(0-a) (1), 

or r = 2a cos a cos (0 - a) (2). 

Here a is the parameter. Differentiating with regard to a, 

- sin a cos (0 - a) +cos a sin {0 - a)=0, 

0 

whence sin (0-2a)=O or a=^ (3). 

Substituting this value of a in (2), 

0 

r=2acos 2 - or r=a (l+cos0), 
the equation of a cardioide. 


Ex. 2. Find the envelope of a straight line drawn at right angles 
tc radii vectores of the cardioide r=a (l+cos0) through their ex- 
tremities. 

Here we are to find the envelope of the line 
xcosa+y Bina=d, 

where d, a are the polar co-ordinates of any point on the cardioide; 
i.e. where d= a (1+ cos a). 

The equation of the line is therefore 

xcoaa+y sina=a (l + cosa), 
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or {x-a) 008 a + y sin a = a, 

a line whioh from its form obviously touches the oircle 
(x-a) 2 +y 2 =a 2 or r=2a cos 0, 
which is therefore its envelope. 

Ex. 3. Find the envelope of 


with the condition 


- + £=1 
a b 


a). 


a n +fi n = constant =c* say 


( 2 ). 


Here there are two parameters with a condition connecting them, so 
that only one is independent. Imagine a and & to be both functions 
of some third arbitrary parameter t. Differentiating both equations 
with regard to t, 

a 2 dt + b*dt ' 


a ~ 1 Tt +bn "ji =0; 



* y * + y 

a _ b _ a^ b _ 1 
Ue ‘ (F~b*~a n +b n ~c* 

Thus a w+1 = c n x and b n+l =c n y. 
substituting in (2), 

w n 

(c n x)*+ 1 + (c n y)* +1 = C w , 

n n n 

or x*+ 1 +y w+1 =c ,l+1 , 

which is the required envelope. 


EXAMPLES. 

1. Find the envelope of 

y =m% — 2am — am*, 
i.e. of normals of the parabola 

y 2 =4ax. 
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2. Find the envelope of 

cos d sind * 

i.e. of normals of the ellipse 

afi/a 2 +y 2 jbP=l. 


3. Find the envelopes of 

(a) y=m#+am 2 , 

O) y=mx+am z , 
(y) y = md?+awi p ; 

m being the arbitrary parameter. 


4. Find the envelopes of 

(a) # cos d+y sin d=a, 

(/3) a:\/cos 6+y Vsind^a, 

^ \/cosd + Vsin d * 

(8) #cos$d+ysin$d=a, 

(c) xco^O+y sin$d=a, 

(£) x cos 4 d +y sin 4 d 
(tj) x cos n d +y sin*d = a ; 
d being the arbitrary parameter in each case. 


5. Find the envelopes of 

(a) #cosa+ysina=a Vcos2a, 

03) #cos2a+ysin 2a=acos 2 a, 

m 

(y) x cos ma+y sin 77ia=a (cos na) H ; 
a being the parameter in each case. 

6. Find the envelopes of circles described on the radii vectores 
of the following curves as diameters: — 

(a) ^ 2 /a 2 +y 2 /6 2 =l, 

03) y 2 =4ax, 
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(y) y 2 = 4 a(x+a), 

( 6 ) r=a( 1+cosd), 

(t) ^=l+ecos d, 

(£) r 2 cos 2d = a 2 , 

(17) r 2 = c& 2 cos 20, 

(0) r*=a*cos n 6 . 

7 . Find the envelopes of the circles which pass through 
the pole and whose centres lie on the several curves of ques- 
tion 6. 

8. Find the envelopes of straight lines at right angles to 
the radii vectores of the following curves drawn through their 
extremities : — 

(a) a straight line, 

(0) a circle through the pole, 

(y) any circle, 

(5) a cardioide r=a (1 + cos d), 

(f) a limagon r—a+b cos d, 

(() a lemniscate r 2 = a 2 cos 2d, 

(17) an equiangular spiral r=ae me . 

(0) i*—a n cos 718. 

9 . Find the envelopes of the straight line 


under the several conditions 

(a) a +6 = c, 

(0) a 2 + 6 2 =c 2 , 

(y) a^b* =d m+n . 
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10. Find the envelopes of the ellipse 
a* + 6* 


under the several conditions 


(a) a*+#W, 

08) a*+6*=c* 

(y) a m b n =c m+ * 


11. Find the envelopes of the parabola 



under the several conditions 

(a) a +6 =c, 
03) a*+6»=c* 

(y) a^b* 


12. Find the envelope of 


under the condition 


, jr, 

a m fr* 


aP+b»=cP. 


13. Show that the envelope of the family of curves 
AX 3 +3£X*+3<7X+2>=0, 

where X is the arbitrary parameter, and A, B, C, D are functions 
of x and y, is 

t BC - AD)* =4 {BD - C*) {AC -BP). 


14. If A, By C be any functions of x and y the envelope of 


is 


A cos ma + B sin ma =■ C (cos na) H 


n 



cos* — — tan” 1 
m—n 


B 
A ’ 


15. A straight line of given length slides with its extremities 
on two fixed straight lines at right angles. Find the envelope 
of a circle drawn on the sliding line as diameter. 
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16. Show that the envelope of straight lines joining the 
extremities of a pair of conjugate diameters of an ellipse is a 
similar ellipse. 

17. The envelope of the polars with respect to the circle 

r=2acosd 

of points which lie upon the circle r=2b cos 6 is 
{(a - b) x + ah } 2 = ft 2 {(a? - a) 2 +y 2 } . 


18. Show that the pedal equation of the envelope of the 
line 

# cos sin 7nB—acm n6 

is m 2 r 3 =(m 2 - n*)p 2 + n 2 a 2 . 

19. Two particles move along parallel lines, the one with 
uniform velocity and the other with the same initial velocity 
but with uniform acceleration. Show that the line joining them 
always touches a fixed hyperbola. 


20. Show that the radius of curvature of the envelope of 
the line 

x cos a +y sin a = /(a ) 
is /(«)+/», 

and that the centre of curvature is at the point 
x= - f'(a) sin a — f”{a) cos a) 
y — f\a) cos a -f "( a ) sin a) * 


Digitized by Google 



CHAPTER XII. 


ASSOCIATED LOCI. 

143. It is intended in the present chapter to present 
a brief introduction to a study of several important loci 
which are intrinsically connected with every curve. 

PEDAL CURVES. 

144. Def. If a perpendicular OF be drawn from 
any fixed point 0 upon the tangent to any curve the 
locus of F is called the "first Positive Pedal” of the 
original curve with regard to the given point 0. 

Two important cases occur in the Conic Sections : 

(1) In a parabola the locus of the foot of the per- 

pendicular from the focus upon a tangent is 
the tangent at the vertex. This line is there- 
fore the first positive pedal of the parabola 
with regard to the focus. 

(2) In a central conic the locus of the foot of the 

perpendicular from a focus upon a tangent is 
the auxiliary circle. This circle is therefore 
the first positive pedal of the conic with regard 
to the focus. 

146. To find the Pedal with regard to the 
Origin for Cartesian Curves. 

When the Cartesian equation of a curve is given, 
the condition of tangency of 

X cos a + F sin a = p 
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may be obtained by comparison of this line with the 
tangent at any point (#, y). 

Let this condition when found be 
f(p, a) = 0. 

Then since p, a are the polar co-ordinates of the point 
whose locus is sought we may replace them by the 
current co-ordinates r, 6 , and the equation of the pedal 
will be 

f(r,0) = 0. 

Ex. 1. The condition that 

x cos a + y sin a=p touches x*la* + y 2 /6*= 1 
is known to be p*=a? cos a a+ P'su^a. 

Hence the first positive pedal with regard to the origin is 
i*= a a cos a $ + 6 a sin a 0. 


Ex. 2. Find the first positive pedal of the curve x 7n -y n =a m+n with 
regard to the origin. 

The equation of the tangent is plainly 

__m , r n 
X— + Y-=m+n. 
x y 

Comparing with X cos a + Y sin a = p, 

x cos a _ y sin a _ p 
m ~ n ~ m+n' 


giving 


m p 

m + n * Cosa * 


y= 


m+n 


V 

sin a ‘ 


Hence the condition of tangency is 

( m p \ m ( n 
m+n cosa/ \m + 


P_ 

+ n sin a 


y=o" 


\m+n cos aj 

and replacing p and a by r and 0, the equation of the pedal becomes 

r m+n = a m+K oos* « 8in»«. 

m m n w 


146. To find the Pedal with regard to the 
Pole of any curve whose Polar Equation Is 
given. 
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Let F(r, 0) = 0 (1) 

be the equation of the curve. 



Let r', 0' be the polar co-ordinates of the point F, 
which is the foot of the perpendicular OF drawn from 
the pole on a tangent. Let OA be the initial line. 
Then 



0=a6p=a6y+y6p 



-*+;-* 


also 

tan ^ =r f 

(3), 

and 

r' = r sin (f > , 


or 

11 1 /dry • (Art. 95) ... 

r 2 r 3 ^ r 4 \d0J 

(4). 


If r, 0, <j> be eliminated from equations 1, 2, 3, and 4, 
there will remain an equation in r , 0'. The dashes 
may then be dropped ana the required equation will be 
obtained. 

Ex. To find the equation of the first positive pedal of the ourve 
r m =a m ooa md. 

Taking the logarithmic differential 

— - m tan md ; 

r dd * 

therefore cot 0= - tan md; 

therefore <f>=^+md. 

A 


Digitized by Google 



176 


DIFFERENTIAL CALCULUS. 


therefore 


+2 - ^> 

O' 

9=0' -md t or $= . . 

m+1 

r / =rsin 0=r cosm^ 

i_ 

=a cos w md . cos md 


m+1' 

Hence the equation of the pedal curve is 


7* n+1 =a m+1 oos -——6. 

m+1 


147. Def. If there be a series of curves which we 
may designate as 

A, A 1? A 2 , A s , ... A n , ... 

such that each is the first positive pedal curve of the 
one which immediately precedes it ; then A 2 , A s , etc., 
are respectively called the second , third , etc., positive 
pedals of A. Also, any one of this series of curves may 
be regarded as the original curve, e.g. A s ; then A a is 
called the first negative pedal of A s , A 1 the second nega- 
tive pedal , and so on. 


Ex. 1. Find the k ih positive pedal of 
r m =a m cos md. 

It has been shown that the first positive pedal is 
r* n i=a w i ooswijd, 

where m, = — . 

^ 1+m 

Similarly the second positive pedal is 
r 1 ™* = a™* cob nt^e, 

, m l m 

where m»= = — — = - — — ; 

^ l+fiti l + 2m 

and generally the k ih positive pedal is 

^»»A=a m *coBmjbd, 

where m*=sv— l — . 

1 + Jfcm 
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Ex. 2. Find the negative pedal of the curve 
7 m =a m cos m$. 

We have shown above that i* n =a tn cos md is the k * positive pedal 

71 

of the curve r n = a n cos n$ t provided m = = — =- . 

1 + KTl 

This gives n= • 

Hence the k? 1 negative pedal of r m =a m cos md is 
r**=a n cos n0 % 

. m 

where n= = — =— . 

1- km 


EXAMPLES. 

1. Show that the first positive pedal of a circle with regard 
to any point is a Lima$on (r=a + b cosd), which becomes a 
Cardioide {r=a (1 -fcos d)} when the point is on the circum- 
ference. 


2. Show that the first positive pedal of a central conic with 
regard to the centre is of the form f^—A + 2? cos 26, which 
becomes a Bernoulli’s Lemniscate (r*=a 2 cos 26) when the conic 
is a rectangular hyperbola. 

3. Show that the first positive pedal of the parabola y 2 — Aax 
with regard to the vertex is the cissoid 

x (oi?+y 2 ) + ay 2 =0. 


4. Show that 

9 9 2 4 2 

r*=a a cos 20, r= acos - 0, r*=cT cos - 0, 
u o 

\ i 2 . i # 2 . 

r =»a cos - #5 r —a cos x 0, 

7 9 

are the first, second, third, fourth and fifth pedals of a rect- 
angular hyperbola. 

5. Show that the 10th positive and negative pedals of the 
circle r=acos 0 are respectively 

r=a cos 11 , and r=a sec 9 ^ . 

11 

E. D. C. 12 
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6. Show that the first positive pedal of 

w n n n 

is (# 8 +y 2 ) w ” 1 =a n “ 1 

148. Perpendicular on Tangent to Pedal- 

Let PY f QY' be tangents at the contiguous points 
P, Q on the curve, and let 0Y y 0Y' be perpendiculars 
from 0 upon these tangents. Let OZ be drawn at right 
angles to Y'Y produced. Let the tangents at P and Q 

intersect at T. 



y6y'= y$t, 

the points 0, Y, Y', T are concyclic, and therefore 

0$Z= 7T- 0 hr' = 0$T; 

and the triangles OYZ and OTY' are similar. Therefore 

oz _ or 

0Y~ OT ’ 

and in the limit when Q comes into coincidence with P, 
Y comes into coincidence with Y, and the limiting 
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position of FF' is the tangent to the pedal curve. Let 
the perpendicular on the tangent at F to the pedal 
curve be called p u then the above result becomes 

. Pl = P 

. p r ’ 

or pjr^p 2 . 


149. Circle on Radius Vector for diameter 
touches Pedal. 

This fact is clear from the figure of Art. 148, for OT 
is in the limit a radius vector and the circle on OT for 
diameter cuts the pedal in the ultimately coincident 
points F and F', and therefore in the limit has the 
same tangent at F as the pedal curve. 


160. Pedals regarded as Envelopes. 


It is clear then that the problem of finding the first 
positive pedal of a given curve is identical with that of 
finding the envelope of circles described on radii vec- 
tores as diameters (see Art. 142). 


Again, the first negative pedal is the curve touched 
by (i.e. the envelope of) a straight line drawn through 
any point of the curve and at right angles to the radius 
vector to the point. 


Thas by Art. 142, Ex. 1, the first positive pedal of 
r=2a oos 0 

with regard to the origin is the eardioide 
r=a (1 + cos 0), 

and by Ex. 2, the first negative pedal of 
r=a (l + oos 0) 

with regard to the origin is the circle 
r=2aoos 0. 


12—2 
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Inversion. 

151. Def. Let 0 be the pole, and suppose any 
point P be given ; then if a second point Q be taken on 
OP, or OP produced, such that OP .0Q = constant, fc* 
say, then Q is said to be the inverse of the point P with 
respect to a circle of radius k and centre 0 (or shortly, 
with respect to 0). 

If the point P move in any given manner, the path 
of Q is said to be inverse to the path of P. If (r, 6) be 
the polar co-ordinates of the point P, and (r, 0) those 
of the inverse point Q, then 

rr' = k?. 

Hence if the locus of P be 

f(r,0) = 0, 

that of Q will be 

/(?■ «)-«• 

For example the curves 

r m =a m oounid and r™ cos m$=a m 
are inverse to each other with regard to a circle of radius a. 

152. Tangents to Curve and Inverse Inclined 
to Radius Vector at Supplementary Angles. 

If P, P 1 be two contiguous points on a curve, and 
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Q, O' the inverse points, then, since 

OP . OQ = OF . 0Q\ 

the points P, P', Q', Q are coney clic; and since the 
angles OPT and OQ[T are therefore supplementary, it 
follows that in the limit when P' ultimately coincides 
with P and O' with Q the tangents at P and Q make 
supplementary angles with OPQ. 


EXAMPLES. 

1. Show that the inverse of the conic 

l 

- = l+ecos Q 
r 

with regard to the focus is the Limagon 

^r=l +e cos 3 
Ic* 

which becomes a cardioide 

[r=a(l+cos0)] 
in the case when the conic is a parabola. 

2. If the point a/, y be inverse to (x, y), show that 

x— and y = — „ . 

xP+tf 2 9 xf^+y' 2 

3. Show that the inverses of the lines x—a^ y—b are re- 


spectively 

. L s A* 
**+y*=- x. 

and 

h 

x?+y i =jy. 

4 . Show that the inverse of the conic 

is the cubic 

axfi + Sbxy + cy* — 2y , 
i 2 (a® s +2&ry+cy*)=2y (xf+y 1 ). 


5. Find the inverses of the straight lines 
3a?+4y=5, 4#-3y=5 

with regard to the origin, and show that they are circles cutting 
orthogonally. 
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POLAR RECIPROCALS. 

153. Polar Reciprocal of a Curve with regard 
to a given Circle. 

Def. If OF be the perpendicular from the pole 
upon the tangent to a given curve, and if a point Z be 
taken on OF or OF produced such that OY . OZ is con - 
stant (= A? say), the locus of Z is called the polar reci- 
procal of the given curve with regard to a circle of 
radius k and centre at 0. 

From the definition it is obvious that this curve is the 
inverse of the first positive pedal curve, and therefore its 
equation can at once be found. 

Ex. Polar reciprocal of an ellipse with regard to its centre. 

itS 

For the ellipse -= + ~^= 1, 

a * Or 

the condition that p=x oosa +y sina touches the curve is 
p* = a* cos* a + 6* sin* a. 

Hence the polar equation of the pedal with regard to the origin is 
r*= a* oos* $ + 6* sin* 0. 

Again, the inverse of this curve is 

p = a* cos* $ + 6* sin* 0, 
or a*s*+&*y*=& 4 , 

which is therefore the equation of the polar reciprocal of the ellipse 
with regard to a circle with centre at the origin and radius k. 


examples. 


Find the polar reciprocals with regard to a circle of radius k 
and centre at the origin of the curves. 


1. r=acosd. 

2. Any circle. 

3. - = l+ecos0. 
r 

4. r=a (1+cosd). 


5. r*=a w cos7^. 

6 . af n y n =a m+n . 

7. 
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INVOLUTES AND EVOLUTES. 

164. Def. The locus of the centres of curvature 
of all points on a given curve is called the evolute . 

If the evolute itself be regarded as the original 
curve, a curve of which it is the evolute is called an 
involute . 

Ex. To find the evolnte of the parabola 
y a =4ax. 

By Ex. 2, p. 153, the co-ordinates of the centre of curvature are 
x=2a+3x 'j 
- 2 x^/aV 

,The arbitrary abscissa x must be eliminated between these equations. 
We have 

(X-2a)l=$xi= -3*oly/2, 
or squaring and dropping the bar, 

4(x-2a)*=27ay 2 , 

a semicubical parabola. 


examples. 


1. Show that the locus of the centres of curvature of the 
ellipse 

x 8 /a 2 +y a /6 2 = 1, 

is (axfi + (byf — (a 2 - 1$. 

2. Show that the locus of the centres of curvature of the 
catenary 

y=ccosh ^ , 

is c log 

155. Evolute touched by the Normals. 

Let P l9 P 2 , P, be contiguous points on a given curve, 
and let the normals at P u P a and at P 8 , P 8 intersect at 
Q l9 Q 2 respectively. Then in the limit when P 2 , P 8 
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move along the curve to ultimate coincidence with P v 
the limiting positions of Q ly Q 2 are the centres of curva- 



ture corresponding to the points P ly P 2 of the curve. 
Now Q 1 and Q 2 both lie on the normal at P 2 , and there- 
fore it is clear that the normal is a tangent to the locus 
of such points as Q lf Q 2 , i.e. each of the normals of the 
original curve is a tangent to the evolute ; and in general 
the best method of investigating the equation of the 
evolute of any proposed curve is to consider it as the 
envelope of the normals of that curve. 

Ex. 1. To find the evolute of the ellipse 


The equation of the normal at the point whose eccentric angle is 
0 is 


J2L 

cos 0 sm 0 


a)- 


We have to find the envelope of this line for different values of the 
parameter 0. 

Differentiating with regard to 0, 


or 

Hence 


sin0 _ cos0 A 

sin 8 0 cos 3 0 A 

-r~+ - = 0. 

by ax 


sin0 _ cos 0 1 


( 2 ). 


( 3 ). 


Substituting these values of sin 0 and cos <j> in equation (1) we obtain, 
after reduction (ax)$ + (by)% = (a 2 - b 2 )^. 
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Ex. 2. Shew that the envelope of y =mx - 2am - am* (i.e. the 
normal to y 3 =4ax) is 27 ay 3 =4 (x - 2a)*. 

156. There is but one Evolute, but an infinite 
number of Involutes. 

Let A BCD... be the original curve on which the 
successive points A, B, G, D, ... are indefinitely close to 
each other. Let a, 6, c, ... be the successive points of 
intersection of normals at A, B, C> . . . and therefore the 
centres of curvature of those points. Then looking at 
ABC... as the original curve, abed... is its evolute. 
And regarding abed... as the original curve, ABGD ... 
is an involute. 



If we suppose any equal lengths A A', BR f (7(7, ... 
to be taken along each normal, as shown in the figure, 
then a new curve is formed, viz. A'B'G ' ..., which may 
be called a parallel to the original curve, having the 
same normals as the original curve and therefore having 
the same evolute. It is therefore clear that if any 
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curve be given it can have but one evolute, but an 
infinite number of curves may have the same evolute, 
and therefore any curve may have an infinite number of 
involutes . The involutes of a given curve thus form a 
system of parallel curves . 

157. Involutes traced out by the several points 
of a string unwound from a curve. Length of 
Arc of Evolute. 

Since a is the centre of the circle of curvature for 
the point A (Fig., Art. 156), 

a A = aB 

= bB + elementary arc ah (Art. 81). 
Hence a A — 65 = arc ah. 

Similarly bB — cC — arc 6c, 
cC — dD = arc cd, 
etc., 

JF - gG = arc fg. 

Hence by addition 

aA —gG = arc ab + arc 6c + ... + arc fg 
= arc ag . 

Hence the difference between the radii of curvature at 
two points of a curve is equal to the lenath of the corre- 
sponding arc of the evolute . Also, if the evolute a6c... 
be regarded as a rigid curve and a string be unwound 
from it, being kept tight, then the points of the unwind- 
ing string describe a system of parallel curves , each 
of which is an involute of the curve abed ..., one of 
them coinciding with the original curve ABC .... It is 
from this property that the names involute and evolute 
are derived. 
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examples 

L Show that the whole length of the evolute of the ellipse 

1 , 



2. Show that in the parabola 
y 2 —Aax 

the length of the part of the evolute intercepted within the 
parabola is 

4o (3 — 1). 

•RTAMPT.-Bg 

1. Show that the fourth negative pedal of the cardioide 

r=a(l+cos 6) 

is a parabola. 

2. Show that the fourth and fifth positive pedals of the 
curve 

r=a («*!*)* 

are respectively a rectangular hyperbola and a lemniscate 
[r^a 2 cos 2d]. 

3. Show that the first positive pedal may be obtained by 

r 2 

writing r instead of p and — instead of r in the pedal equation of 
the original curve. 

4 . Show that the first positive pedal of the epicycloid 

p*=Ar*+B, 

has for its pedal equation 

5. Show that the equation of the nth pedal of the curve 


f(P, r)=Q, 
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i.e. it may be obtained from the original equation by writing 




for jt>, and 


G)' 


r for r. 


6. Show that the inverse of the hyperbola 

-+ - = - 
x y a 

with regard to the origin is 

a(x*+y 2 ) (x+y)=1c 2 xy. 

7. Show that the inverse of the ellipse 
with regard to the origin is 




8. Show that the equation of the inverse of a curve with 
regard to the pole may be obtained from the pedal equation 
by writing 

for p and — for r, 
r 2 r r 

i.e. if 


f(P y r )=0 


be the original curve 


will be the inverse. 


/(?■ ?)-« 


9. Show that the inverse of the curve 

p 2 =Ar*+B f 

is 1cY=A1W+Br*. 

10. Show that the pedal equation of the evolute of the 
curve p=f(r) will be obtained by eliminating p and r between 


P=f(r), 


=? ,2 -f r 2 
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11 . Show that the evolute of the epi- or hypocycloid 

p?=Ar*+B 

is 

(i.e. a similar epi- or hypocycloid, see Q. 23, p. 113). 

12. Prove the following series of results for the Equiangular 
or Logarithmic spiral 

T—ae 

(1) <f)=a. (Hence the name “Equiangular.”) 

(2) The pedal equation is 

p—r sin a. 

(3) p=r cosec a. 

(4) Let 0 be the pole, PT the tangent at P, OY the 
perpendicular, OT the polar subtangent cutting the normal in C. 
Prove that C is the centre of curvature. 

(5) s=r sec a (s being supposed measured from the pole). 

(6) s=PT. 

(7) Prove geometrically that all the pedals, the inverse, 
the polar reciprocal, the evolute are equal equiangular spirals 
(i.e. for which <f) is the same). 

(8) The equation of the first positive pedal is 


r— a sin a e 
(9) The nth pedal is 


(H 


cot a 


6 cot a 


r=a sin w a e 
(10) The inverse is 




cot a 


,0 OOt a 


M -6 COt a 

r——e 

a 


(11) The Polar reciprocal is 




cot a 


r = — ; — e 
asm a 


-6 cot a 
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(12) The evolute is 

— £ OOta 

r=a cot ae 2 e*°° fca . 

13. Prove the following series of results for the cardioide 
r=a(l — cos 0). 

(1) The curve may be constructed as the locus of a point 
on the circumference of a circle of diameter a which rolls without 
sliding upon the circumference of a circle of equal radius. 

(2) Hence prove geometrically 



Prove this also from the equation by means of the formula 
• . d$ 

(3) If 0 be a fixed point upon a circle of radius a and 
centre < 7 , and P any other point upon the circumference, make 

the angle C^Q=CPO. Prove that PQ always touches a car- 
dioide formed by the rolling of a circle of radius % upon a circle 

o 

of equal radius (geometrical). 

(4) The curve may also be constructed thus: — Take a 
circle OQD of diameter a and centre E. Let a straight rod PP 
of length 2 a move in such a manner that its mid-point Q de- 
scribes the given circle whilst the rod is constrained to pass 
through a fixed point 0 on the circumference. The points P, P 
trace out the caidioide. The point 0 may be called the focus. 

(5) Any “focal chord” is of constant length. 

(6) The “Instantaneous Centre” for the motion of the 
rod is at the point R of the circle in (4) diametrically opposite 
to §. 

(7) The lines RP } RP are normals (geometrical). 

(8) Normals at the ends of a focal chord intersect at right 
angles on the circle in (4) (geometrical). 

(9) Tangents at the ends of a focal chord intersect at 
right angles on a concentric circle of three times the radius 
(geometrical). 

(10) If RP cuts the circle in (4) again at 8 the angle OSR 
is bisected by ES (geometrical). 
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(11) Hence show (by 3) that the evolute of the cardioide 
is a cardioide of one-third the linear dimensions and turned the 
opposite way (geometrical). 

(12) Show (by 11) that the whole length of the arc of 
the cardioide 

r=a(l — cosd) is 6a. 

(13) The cardioide is the first positive pedal of a circle 
with regard to a point upon the circumference. 

(14) The pedal equation is 





(15) The curvature at any point is 

3/2 V2 or. 

(16) The nth pedal of 

r=a (l+cos0), 

_JL _L_ $ 

is r* +2 = (2a) w+2 cos . 

v 1 n + 2 

(17) The Inverse of the cardioide with regard to the pole 
is a parabola. 

14. Show that if p be the radius of curvature at any point 
p, r upon the curve f(p y r)=0 and p x that at the corresponding 
point upon the inverse, then 

where & is the constant of inversion. 

15. With the same notation the radius of curvature at the 
corresponding point of the polar reciprocal is 

kh* 

where k* is the constant of reciprocation. 

16. With the same notation if p n be the radius of curvature 
at the corresponding point of the nth pedal, prove that 

r»-* = l 11 1 pp 

Pn p*-i 2-2-2- ...-2-r 2 
(where there are n+ 1 quotients) 

_ 7ir*— (n—l)pp 
~ (n + l)r*-npp* 
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MAXIMA AND MINIMA. ONE INDEPENDENT VARIABLE. 


158. Elementary Algebraical and Geome- 
trical methods. 

Examples frequently occur in Algebra and Geometry 
in which it is required to find whether any limitations 
exist to the admissible values of certain proposed 
functions for real values of the variable upon which 
they depend. These investigations can often be con- 
ducted in an elementary manner. A few examples 
follow in illustration. 

Ex. 1. The function ax +- may be written in the form 
x 

(/-- a/S + 2 ^' 

from which it is obvious that the expression can never be less than 
2 Jab, the value it attains when Jax= or x = Jl- For 
the square of a real quantity is essentially positive and therefore any 
value of x other than x= will give to the expression a greater 
value than 2 Jab. 

Ex. 2. Investigate whether any limitation exists to the real values 
of the expression 3^2+43 + 3 * or Ies ^ values of x - 


Let 


Then 


3x 2 -4x + 3_ 

3ar* + 4x + 8 — 

3(l-y)s 2 ~4(l+y)x + 3(l-y)=0. 
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If x be real, we must have 

4 (l+y) 2 -9(l-y) 2 >0, 

i.e . (5 y - 1) (5 - y) must be positive. 

Hence y must lie between the values 5 and \ . 

Therefore the maximum value of the expression is 5 and the 

minimum value is \ . 

5 


Ex. 3. If the sum of two quantities be given, when is their pro- 
duct a maximum? 

Let x + y = a, a constant, 


then 4xy — (x+y) 2 -{x-y) 2 —a 2 - (x-y) 2 . 

The right-hand side has its maximum value when {x-y) 2 has its 
minimum, i.e. when x=y , for being a square it cannot be negative. 

a 2 

Thus the maximum value of xy is — . 


This may be shown geometrically as follows : — the problem is to 
divide a given line AB in such manner that the rectangle of the 
segments is as great as possible. Let C be the centre and P any other 
point of the line. Then by Euc. n. 5, 


rect. AP. PB + sq. on CP= sq. on AC =reot. AC . CB , 
i. e. the rect. AP . PB is less than the reel AC . CB. 


Hence the point of division is the mid-point, or the line must be 
bisected. 


Ex. 4. It x + y + z + w be constant, when will xyzw have its 
maximum value ? 

So long as any two, say x and y , are unequal we can without 
altering z and w (and thus keeping x+y constant) increase xy, and 
therefore also xyzw by making x and y more nearly equal (by Ex. 3). 
Hence xyzw does not attain its maximum value until 

x — y — z — w. 

The same argument obviously applies to the product of any number 
of quantities whose sum is constant 

If we are searching for the maximum value of such an expression 
as xy*z s , say, with condition x + y + z=a t we proceed thus 

t/ t/ z z z 

xyh* = 2 a 3 3 a °d is to be a maximum, 

Js o 3 o 3 

, y y z z z 

where I+ | + | + _ + _ + § = a; 


e. d. a 


13 
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and by the preceding work we are to make 
x _y _ z _ a 

I~2-8“6* 

, , , . 2* . 3*a 6 a 6 

whence the maximum value is — ^ . 

6® 2 4 . 8* 

Ex. 5. In any triangle the maximum value of 
cos A cos B cos C is \ . 

o 

For 2 008-4 cos Boos (7= cos A {cos(JB- C) -oobA}, 

and therefore as long as B and C are unequal we may increase the 
expression bv making them more nearly equal and keeping their sum 
constant. Thus cos .4 cos B cos C does not attain its maximum value 

until A =B= C=^ , and then its value is \ . 

o o 

Ex. 6. What are the greatest and least values of a sin x + b cos x? 
Let a=coosa and 6=c sin o, 

so that c 2 =a* + 6 2 and tana = -. 

a 

Thus a sin x + 6 cos x=c sin x cos a + c cos x sin a 
= \/a* + i>*8in (x+a), 

and as the greatest and least values of a sin e are 1 and -1, the 
maximum and minimum values required are Ja 1 + b* and - Ja* + 6* 
respectively. 

Ex. 7. If A t B, C... be a number of points and P any other 
point, and if 0 be the centroid of masses X at A, n at B, etc., then it 
is a known proposition that 

\PA*+pPB*+... = (\GA*+nGB*+...) + (\+fi+...)PG* t 
or 2\PA 2 = 2\GA* + (SX) PG 3 . 

Henoe since 2\GA* is a fixed quantity for all positions of P y 2XP<4* 
has its minimum value when P is at G. 

EXAMPLES. 

1. Show that the minimum value of 

a 8 — 4a?+9 is 5. 

2. Show that the expression cannot have any value 
intermediate between 2 and - 2. 
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j<8 - l T ^ J 

3. Show that —z — has 3 for its maximum value, and 

X s — X + 1 

- for its minimum. 

u 

4. Show that the value of is intermediate be- 

tween 

*+P and 2-P 

2-p a 2 +J9* 

5. Show that is unlimited in value if 

cx?+Zbx+a 

a+c<2&. 

6. Show that the shortest distance from a given point to a 
given straight line is the perpendicular distance. 


7. Show that the greatest triangle inscribed in a given circle 
is equilateral. 

8. Deduce from 7 by projection that a maximum triangle 
inscribed in an ellipse 

(а) is such that the tangent at each angular point is 
parallel to the opposite side, 

(б) has its centroid at the centre of the ellipse, 

3 | 

(c) that its area= — - ab, where a and b are the semi- 
axes. 


9. Show that the triangle of greatest area with given base 
and vertical angle is isosceles. 

10. Show that if ABC be a triangle, and P any point 

PA*+PB*+PC* 

will be a minimum when P is at the centroid. 


11. Show that 

PA 2 tan A + PB* tan B+PC* tan C 
has its minimum value when P is at the orthocentre. 


12. Show that 

/M 2 sin A+PB 2 sin B+PC 2 sin C 
has its minimum value when P is at the incentre. 

13—2 
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13. If ABCD be a quadrilateral, and P any point, 
PA*+PB*+PC*+PD* 

has its minimum value when P is at the intersection of the 
joins of mid-points of opposite sides. 


14. Find the maximum rectangle inscribable in a given 
ellipse, i.e. find the maximum value of xy, having given 

^/a*+y*/6*=l. 

15. Find the maximum value of xyz, having given 

x+y+z=a. 

16. Find the maximum value of xyz, having given 

** . j'* . 

5T+P-+?- 1 - 

17. Find the maximum value of xy\ having given 

x+y=a. 

18. Find the maximum value of x^y*, having given 

x+y=a. 

19. If d+<£ = constant, the maximum value of sin 6 sin <f> is 
attained when 

20. Find the maximum value of 

sin .4 sin 5 sin C 

for a triangle. 


21. Find the maximum and minimum values of 

asin 2 ^+& cos 2 #. 

22. Show that the greatest chord through a point of inter- 
section of two given circles is that which is parallel to the line of 
centres. 


23. Find the greatest triangle of given species whose sides 
pass through three fixed points. 

24. Find the greatest rectangle whose sides pass through the 
angular points of a given rectangle. 

25. Find the two perpendicular focal chords of a given conic 
whose sum is a maximum. 
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THE GENERAL PROBLEM. 

159. Suppose a? to be any independent variable 
capable of assuming any real value whatever , and let 
<f> (x) be any given function of x . Let the curve 

} l = $(x) be represented in the adjoining figure, and 
et A, By Cy Dy ... be those points on the curve at 
which the tangent is parallel to one of the co-ordinate 
axes. 



Suppose an ordinate to travel from left to right 
along the axis of x. Then it will be seen that as the 
ordinate passes such points as A , C, or E it ceases to 
increase and begins to decrease; whilst when it passes 
through By Dy or F it ceases to decrease and begins to 
increase . At each of the former sets of points the 
ordinate is said to have a maximum value, whilst at 
the latter it is said to have a minimum value. 


160. Points of Inflexion. 

On inspection of the accompanying figure it will be at 
once obvious that at such points of inflexion as 0 or H, 
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where the tangent is parallel to one of the co-ordinate 
axes, there is neither a maximum nor a minimum or- 



dinate. Near G, for instance, the ordinate increases up 
to a certain value NG, and then as it passes through 
G it continues to increase without any prior sensible . 
decrease. 

This point may however be considered as a com- 
bination of two such points as A and B in the figure of 



Ai t. 159, the ordinate increasing up to a certain value 
N&, then decreasing through an indefinitely small and 
negligible interval to N. 2 G 2y and then increasing again 
as shown in the magnified figure, the points G lf G 2 being 
ultimately coincident. 

161. We are thus led to the following definition : — 

Def. If, while the independent variable x increases 
continuously , a function dependent upon it, say <f> (x), 
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^ increase through any finite interval however small until 
x = a and then decrease , <f> (a) is said to be a maximum 
value of <f> (x). And if <f> (x) decrease to <f> (a) and then 
increase, both decrease and increase being through a 
finite interval , then <f> (a) is said to be a MINIMUM value 


162. Criteria for the discrimination of Maxima 
and Minima Values. 


The criteria maybe deduced at once from the aspect 
of ^ as a rate-measurer. For ^ is positive or negative 


according as y is an increasing or a decreasing function. 
Now, if y have a maximum value it is ceasing to in- 
crease and beginning to decrease, and therefore ^ 

must be changing from positive to negative ; and if y 
have a minimum value it is ceasing to decrease and 

beginning to increase, and therefore ^ must be changing 


from negative to positive. Moreover, since a change 
from positive to negative, or vice versa , can only occur 
by passing through one of the values zero or infinity, 
we must search for the maximum and minimum values 
among those corresponding to the values of x given by 
< p' (x) = 0 or by <f>' (x) = oo. 


163. Further, since must be increasing when it 
changes from negative to positive, if not zero must 

then be positive ; and similarly, when changes from 

positive to negative must be negative, so we arrive 

at another form of the criterion for maxima and minima 
values, viz. that there will be a maximum or minimum 
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dy 

chj . . . . 

infinite, gives ^ a negative or a positive sign. 


according as the value of x which makes zero or * 


164. Properties of Maxima and Minima Values. 
Criteria obtained Geometrically. 

The following statements will be obvious from the 
figures of Arts. 159, 160. 

(a) According to the definition given in Art. 161, 
the term maximum value does not mean the absolutely 
greatest nor minimum the absolutely least value of the 
function discussed. Moreover there may be several 
maxima values and several minima values of the same 
function, some greater and some less than others, as 
in the case of the ordinates at A, B , C, ... (Fig., 
Art. 159). 

(yS) Between two equal values of a function at 
least one maximum or one minimum must lie; for 
whether the function be increasing or decreasing as 
it passes the value [ M 1 P l in Fig., Art. 159] it must, if 
continuous, respectively decrease or increase again at 
least once before it attains its original value, ana there- 
fore must pass through at least one maximum or mini- 
mum value in the interval. 

( 7 ) For a similar reason it is clear that between 
two maxima at least one minimum must lie ; and be- 
tween two minima at least one maximum must lie. In 
other words, maxima and minima values must occur 
alternately. Thus we have a maximum at A , a 
minimum at B, a maximum at C ' etc. 

(8) In the immediate neighbourhood of a maximum 
or minimum ordinate two contiguous ordinates are equal, 
one on each side of the maximum or minimum ordi- 
nate ; and these may be considered as ultimately co- 
incident with the maximum or minimum ordinate. 
Moreover as the ordinate is ceasing to increase and 
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beginning to decrease, or vice versa, its rate of variation 
is itself in general an infinitesimal. This is expressed 
by saying that at a maximum or minimum the function 
discussed has a stationary value. This principle is of 
much use in the geometrical treatment of maxima and 
minima problems. 

(e) At all points, such as A, B , C , D, E, ..., at 
which maxima or minima ordinates occur the tangent 
is parallel to one or other of the co-ordinate axes . At 

points like A, B, C, D the value of ^ vanishes, whilst 

j ax 

at the cuspidal points E, F, ^ becomes infinite. The 

positions of maxima and minima ordinates are therefore 
given by the roots of the equations 

*'(*)- 0 1 
<£'(«)= °°r 

or = 00 > are not themselves 

sufficient conditions for the existence of a maximum or 
minimum value is clear from observing the points 0, H 
of the figure of Art. 160, at which the tangent is parallel 
to one of the co-ordinate axes, but at which the ordinate 


(0 That |-0, 



has not a maximum or minimum value. But in passing 

a maximum value of the ordinate the sign of , that 

is the sign of the tangent of the angle which the 
tangent makes with the a-axis, changes from positive to 
negative; while in passing a minimum value the change 
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of sign is in the reverse order, namely, from negative to 
positive . 



165. Working Rule. 


We can therefore make the following rule for the 

detection and discrimination of maxima and minima 

values. First find ^ and by equating it to zero find 


for what values of x it vanishes; also observe if any 
values of x will make it become infinite. Then test for 

each of these values whether the sign of ^ changes 


from + to — or from — to 4* as x increases through that 
value. If the former be the case y has a maximum 
value for that value of x ; but if the latter, a minimum. 
If no change of sign take place the point is a point of 
inflexion at which the tangent is parallel to one of 
the co-ordinate axes ; or, in some cases it may be more 
convenient to discriminate by applying the test of 

Art. 163. Find the sign of ^ corresponding to the 

value of x under discussion. A positive sign indicates a 
minimum value for y; a negative sign, a maximum. 

When = 0 this test fails and there is need of further 
oar 


investigation*. 


* See Art. 488 of the author's larger book on the subject. 
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EYAMPT/ES 


1. Find the maximum and minimum values of y where 
y=(x-l)(x-2) 2 . 

Here ^=(*-2) s +2(*-l)(*-2) 

= (x - 2) (3x - 4). 

Putting this expression =0 we obtain for the values of x which 
give possible maxima or minima values 

4 

x=2 and x=-. 

9 

To test these : we have 

if x be a little less than 2, ^ =(-)( + ) = negative, 


if x be a little greater than 2, ^=( + )( + )=positive. 

Hence there is a change of sign, viz., from negative to positive as x 
passes through the value 2, and therefore x=2 gives y a minimum 
value. 

Again, if x be a little less than | , ^ =(-)(-) = positive, 

and if a; be a little greater than | , — = ( - )( + ) = negative, 

showing that there is a change of sign in ^ , viz. from positive to 
4 dx 

negative, and therefore x gives a maximum value for y. This we 
might have anticipated from Art. 164, (7). 

Otherwise: ^=(x-2) (3x-4), 

so that when ® is put = 0 we obtain x = 2 or ^ . 

ax o 


And 


8 = 6 *- 10 - 


d* a ’ 


so that, when x=2, 
a positive quantity, showing that, when x=2, y assumes a minimum 
value, whilst, when 


4 a __ 2 

dx*- 2 ’ 


which is negative, showing that, for this value of x, y assumes a 
maximum value. 
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2. If 

where n and p are positive integers, show that a ?= a gives neither 
maximum nor minimum values of y, but that x—b gives a mini- 
mum. 

It will be clear from this example that neither maxima nor 
minima values can arise from the vanishing of such factors of 
as have even indices. 

3. Show that r^r— has a maximum value when a? =4 

x- 10 

and a minimum when ar=16. 


4. If 

show that 
and 


x=0 gives a maximum value to y 
x=3 gives a minimum. 


5. Find the maximum and minimum values of 

2^-l&F*+3ar+6. 

6. Show that the expression 

(x -2) (x-3) 2 


has a maximum value when x=~, and a minimum value when 

3 

a?=3. 


7. Show that the expression 

a?-3a?+6ar+3 

has neither a maximum nor a minimum value. 


8. Investigate the maximum and minimum values of the 
expression 

3a 6 - 25#*+ 60a?. 

9. For a certain curve 

discuss the character of the curve at the points 
x= 1 , x = 2, .r=3, ,r=4. 
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10. Find the positions of the maximum and minimum ordi- 
nates of the curve for which 

^ = (x - 2) s (&f - 3) 4 (3x - 4) 6 (4r — 5)«. 

11. To show that a triangle of maximum area inscribed in any 
oval curve is such that the tangent at each angular point is parallel 
to the opposite side . 

If PQR be a maximum triangle inscribed in the oval, its vertex P 
lies between the vertices L, M of two equal triangles LQR , MQR 



inscribed in the oval. Now, the chord LM is parallel to QR and the 
tangent at P is the limiting position of the chord LM, which proves 
the proposition. 

It follows that, if the oval be an ellipse, the medians of the tri- 
angle are diameters of the carve, and therefore the centre of gravity 
of the triangle is at the centre of the ellipse. 

12. Show that the sides of a triangle of minimum area circum- 
scribing any oval curve are bisected at the points of contact ; and 
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hence that , Me oi>a£ 6$ an ellipse, the centre of gravity of such 

a triangle coincides with the centre of the ellipse . 

Let ABC be a triangle of minimum area circumscribing the oval. 
Suppose P the point of contact of BC. Let AB x C lt AB 2 C 2 be two 
equal circumscnbing triangles such that B^C V B 2 C» touch the oval at 
Pj , P s on opposite sides of P and intersect m T, Then 

triangle TB X B^ triangle TC X C 2 

or i TB X . TB t sin B x TB t =^ TC X . TC t sin C^Cj . 

If we bring P x and P 2 nearer and nearer to P so as to entrap the 
minimum triangle, the above equation ultimately becomes 

TB^^TC 2 ; 

and T being ultimately the point of contact P, the side BC is bisected 
at its point of contact. The remainder of the question follows as 
in Ex. 11. 


EXAMPLES. 


1. Find the position of the maximum and minimum ordi- 
nates of the curves 

(a) y=(x-l)(^-2)(a?-3), 

( b ) Ay—aA — 8^+ 22x 2 — 24x, 

(c) a 2 y=(x-a) 2 (x-b), 

(d) a*y 2 = (a? - a) 4 (x - b). 


2. Find the maxima and minima radii vectores of the 


curves 


(a) 

(P) 

« 

(d) 

« 


r=a sin 0 + 6 cos0, 
r—a sin 2 6 + b cos 2 6, 
(^ 8 +y 2 ) 2 =ar 2 + 2hxy + by 2 , 
c 4 a 2 b 2 


sin 2 0^" cos 2 0’ 


* 2 . 

a*+y* A ’ 


(/) r=a sin 3 0 cos 4 0. 
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3. Discuss the maxima and minima values of the following 
expressions : 

(a) x (1 -x) (1 -a?), 

(b) (**-l)/(*2 + 3)3, 

(c) sin x cos 3 x , 

(d) logx/x, 

(e) sin w x sin nx. 

4. Discuss the maxima and minima values of the following 
expressions : 

(a) where ax i +Zhxy+ 

(b) ax+by where xy=c 2 y 

(c) sin 0 -f sin <f> where 0+<£=a, 

((f) sin 2 0+sin 2 </> where 0 + </> = a. 

5. What fraction exceeds its ^?th power by the greatest 
number possible ? 

6. Divide a given number a into two parts such that the 
product of the joth power of one and the </th power of the other 
shall be as great as possible. 

7. Given thfe length of an arc of a circle, find the radius 
when the corresponding segment has a maximum or minimum 
area. 

8. In a submarine telegraph cable the speed of signalling 
varies as a? log - where x is the ratio of the radius of the core to 

X 

that of the covering. Show that the greatest speed is attained 
when this ratio is 1 : *Je. 

9. An open tank is to be constructed with a square base 
and vertical sides so as to contain a given quantity of water. 
Show that the expense of lining it with lead will be least if 
the depth is made half of the width. 

10. From a fixed point A on the circumference of a circle 
of radius c the perpendicular A Y is let fall on the tangent at P ; 
prove that the maximum area of the triangle APY is 

!«V3. 
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11. The sum pf the perimeters of a circle and a square is l. 
Show that when the sum of the areas is least the side of the 
square is double the radius of the circle. 

12. The sum of the surfaces of a sphere and a cube is given. 
Show that when the sum of the volumes is least, the diameter of 
the sphere is equal to the edge of the cube. 

13. Show that the cone of greatest volume which can be 
inscribed in a given sphere is such that three times its altitude 
is twice the diameter of the sphere. Show also that this is the 
cone of greatest convex surface inscribable in the sphere. 

14. Find the cylinder of greatest volume which can be in- 
scribed in a given cone. 

15. Show that the right circular cylinder of given surface 
and maximum volume is such that its height is equal to the 
diameter of its base. 

16. Show that the semivertical angle of the right cone of 
given surface and maximum volume is sin -1 ^ . 

17. Show that a triangle of maximum perimeter inscribed 
in any oval curve is such that the tangent at any angular point 
makes equal angles with the sides which meet at that point. 
Show also that if the oval be an ellipse, the sides of the triangle 
will touch a confocal. 

18. If a triangle of minimum perimeter circumscribe an 
oval show that the points of contact of the sides are also the 
points where they are touched by the e-circles of the triangle. 

19. Show that the chord of a given curve which passes 
through a given point and cuts off a maximum or minimum area 
is bisected at the point. 

20. Find the area of the greatest triangle which can be 
inscribed in a given parabolic segment having for its base the 
bounding chord of the segment. 

21. In any oval curve the maximum or minimum chord 
which is normal at one end is either a radius of curvature at 
that end or normal at both ends. 

22. Show that if a triangle of minimum area be circum- 
scribed about an ellipse the normals at the points of contact 
meet in a point, and find the equation of its locus. 
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23. Find the co-ordinates of the limiting position, when 
a' = a, b' = b of the intersection of the straight lines 


£ . y 

a 6 


= 1 , 


* + y»i 

a' + 6' lj 


where a w +6*=a' n +&'*=2c w . 

Find the co-ordinates of the point on the locus of the limiting 
position of the intersection, which is at a maximum distance 

from the origin, and prove that the maximum distance is — . 

v « 

[i. c. s., 1892.] 


E, D. C. 


14 


Digitized by Google 



CHAPTER XIV. 


UNDETERMINED FORMS. 

166. Elementary methods of procedure have been 
explained in the first chapter. 

We propose now to show how the processes of the 
Differential Calculus may be employed in the deter- 
mination of the true values of functions assuming 
singular forms, and shall discuss each singularity in 
order (see Art. 16 ). 

167. I. Form jj . 

Consider a curve passing through the origin and 
defined by the equations 

y = <f> (0- J 

Let x , y be the co-ordinates of a point P on the 
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curve very near the origin, and suppose a to be the 
value of t corresponding to the origin, so that 

<f> (a) = 0 and yfr (a) = 0. 

Then ultimately we have 




Hence 


Lt,= 


</>(<) _ Tt *'(*) . 


0 


Jt/ /^\ 

and if be not of the form ~ when t takes its assigned 

yfr (t) 0 

value a, we therefore obtain 

/J\ 

But, if ^7-“ be also of undetermined form, we may 
repeat the process ; thus 

Lt *®-Lt *"<*>- etc 

Ut=a V~(t) ~ Ut=a YJt) ~ ’ 

proceeding in this manner until we arrive at a fraction 
such that when the value a is substituted for t its 
numerator and denominator do not both vanish , and 
thus obtaining an intelligible result — zero, finite, or 
infinite. 


Ex. 1. 


Lt a 


1 — COB 0 


’ •* o 08 • 

Here (0) = 1 - cos 0 and \f/(O)=0 2 , which both vanish when 0 
vanishes. 

0'(0)=sin0 and ^(0)=20, 
which again both vanish when 0 vanishes. 

^"(0)=cos0 and ^"(0)=2, 
whence 0"(O) = 1 and \jt" (0) = 2. 

1 — 008 0 1 


Therefore 


Lt 


0 = 0 " 


0 * 


' 2 * 


14—2 
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2. Tjtg = Q 


«*+«“#+2cob0-4 


=Lt$-o 

= Lt e=o 

= Lt e=o 

= Lt e=o 


a * 

e0-e-0-2 sin ( 


40 s 

«0+«-*-2oos0 
120 * 

€0-«-0+2Bin 0 
240 

*#+«“*+2co80 _ 4 1 

24 “ 24 ~6 * 


[form?] 
[form g] 
[form?] 
[form ?] 


examples. 

Find by the above method the following limits : 


a*- 1 


1. 

^ _ sin cm? 

2. 


3 . Lt x 


9 sin fo; * 

log (1+#) 

0 tf 2 


6 . Lt Xa 

7. Z^.i 


8. Lt x ^ Q 


x-&mxGO&x 

.z 6 - Sir 3 - 4#*+ 9a; — 4 
:r 4 -2# 3 +2r- 1 
e*sin x — x — a? 


m r x cos x — log (1 "h &) o r , Ztimx-Sx-x 3 

4 . Lt Xx o ^2 • ** ^*=0 ^6 • 


5 . Lt Xx(s 


a* 

cosh x - cos x 


10. Lt 


sin (*+j)- ] 


168. IL Form Oxoo. 

Let 4>(a) = 0 and ^>(a)=oo, so that <f> (x) yfr (x) 
takes the form 0 x oc when x approaches and ultimately 
coincides with the value a. 

Then (x) ^ (x) = Lt x ^ a && , 


yjr(x) 


and since 


= — = 0, 

yfr (aj oo 
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the limit may be supposed to take the form ^ and may 
be treated like Form I. 

Ex. 1. it #=0 9oot«=I,t, =0 ^=Lt #=0 — =1. 

, a cl 

sin - sin - 

CL X X 

Ex. 2. sin- = L« x==BO ——=Li« o a—— =a. 


169. III. Form 


oo 

00 


(j) ( £c) 

Let <f> (a) = oo , yfr (a) = oo , so that takes the 

form — when x approaches indefinitely near the 
value a. 

The artifice adopted in this case is to write 

1 

<t> (*) '/'(*) 

->/r(x)~ 1 • 

Then since — \-r = — = 0, and ~ x = — = 0, we may 
yfr (a) oo <f>(a) oo J 

consider this as taking the form jj , and therefore we 

may apply the rule of Art. 167. 


yfr(x) 


1 


'k(^) 

l 

Lt x a 

x=a 4>'{x) 



iw 

i 2 *¥ (*) 

L'f («>. 

1 f(*r 
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Therefore Lt x - a = 

?K«) L 


Ltm 


4>0) T 

*+(«)_ 


Lt 


Hence, unless Lt x - a 

1 




be zero or infinite, we have 


or 


■f(x) 

_{ Tt »(«)) \ It tM 

Lt 4K») _ Tt VJS 
*- a i(x)~ x - a ^'(xy 


170. M, however, Lf,_. ^- 7 ^ be zero, then 

y( x ) 

*(*) - 1 ’ 

and therefore, by the former case (the limit being neither zero nor 
infinite), 

<p'(z) + f(z) 

f(*) ■ 

Hence, subtracting unity from each side, 

Tt tW-rt *'<*> 

Finally, in the case in which 

7 ' t *=*J|{ = “> then ( (xj = °’ 


and therefore by the last case 


-Lt W*). 


Tt t-W-Tt 
*"•*(*) ■■ ■">'(!)• 


therefore 

This result is therefore proved true in all cases. 


171. J/ function become infinite for any finite value of the 
independent variable , then all its differential coefficients will also 
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become infinite for the same value. An algebraical function only 
becomes infinite by the vanishing of some factor in the denominator. 
Now, the process of differentiating never removes such a factor, but 
raises it to a higher power in the denominator. Hence all differential 
coefficients of the given function will contain that vanishing factor 
in the denominator, and will therefore become infinite when such a 
value is given to the independent variable as will make that factor 
vanish. 

It is obvious too that the circular functions which admit of infinite 
values, viz., tan x, cot x } sec x, cosec x, are really fractional forms, 
and become infinite by the vanishing of a sine or cosine in the deno- 
minator , and therefore these follow the same rule as the above. 

The rule is also true for the logarithmic function log (x - a) when 

x~a y or for the exponential function 6*“° when x=a, b being sup- 
posed greater than unity. 


172. From the above remarks it will appear that if <f> (a) and 
\f/ (a) become infinite so also in general will (a) and ^'(a). Hence 

at first sight it would appear that the formula Lt„^ m is no 

<p(x) _ . .. yJ x ) 


better than the original form Lt x= 




* ysr 


But it generally happens 


that the limit of the expression 777 -r, when x—a y can be more easily 

Y \ x ) 

evaluated. 


Ex. 1. Find Lt a * • 


log 


M 

tan 0 


which is of the form — . 

00 


Following the rule of differentiating numerator for new numerator, 
and denominator for new denominator, we may write the above limit 

1 


9 2 


=L ‘*=|S??* 

-. But it can t 

) 

=Lt e _* 008 9 ^which is of the form 


which is still of the form — . But it can be written 
00 


=Lt 


- 2 cos 0 sin 9 




=0. 
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X 00 

Ex. 2. Evaluate Lt Ma * , which is of the form — . 

c CO 

=Lt ._ »' = »J = 0. 

(T 00 

It is obvious that the same result is true when n is fractional 

. Ex. 3. Evaluate Lt a=0 x m (log®)* 1 , in and n being positive. 
This is of the form 0 x oo , but may be written 
(logx) n 


logxl n 
x~* j 
ression 

l— J = 0a8 “ 


[ Form I] 


and by putting x n =e~ * this expression is reduced to 
Lt v=80 | ■ 1 =0 as in Ex. 2. 


Let u = (f> (x) — y/r (x) = yfr (x) 


173. Form 00 — 00 . 

Next, suppose <f>(a) = oo and y/r(a) = oo, so that 
<f>(x) —yfr (, x ) takes the form oo — oo , when x approaches 
and ultimately coincides with the value a. 

il 

{+(*) r 

From this method of writing the expression it is obvious 

that unless Lt z „ a - f-fl = 1 the limit of u becomes 

+ (*) 

yfr (a) x (a quantity which does not vanish); 
and therefore the limit sought is oo . 

JL /„\ 

But if Lt x ^ a = 1, the problem is reduced to 

the evaluation of an expression which takes the form 
x x 0, a form which has already been already discussed 

(il). 
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Ex. Lt a ^ 0 ^ - cot = Lt a= o 1 (1 - x cot x) 

y . sin x -x cos x f , . , . m j v , ON 

= Lt x=0 ; 1 which is of the form - ) 

xsina; \ 0/ 

_ i ^ x sins /which is of the sameN 
. ~ ' * =,0 sina; + arcosx \ form still / 

_ sinx+tfcosx n 
2 QOBX-x smar 


EXAMPLES. 


1. Find 

2. Find 

3. Find 
for the values 

4. Find 

5. Find 


2* sin p- . 

Lt x „ lf xc ^Aogx. 

It x = 0 cosec n x - — 

o r n 

71 = 1, 2, 3. 

-£<*-0 logt«* tan 2a\ 

T <ir oot itx (3^-1)! 

sT^Tf* 


174. V. Forms 0°, so • 1". 

Let y = u v , u and v being functions of x ; then 
l°g« V — v \og e u. 

Now log<,l = 0, log* oo = oo , log # 0 = — oo ; and therefore 
when the expression u v takes one of the forms 0°, oo °, 
1®, logy takes the undetermined form Ox oo. The 
rule is therefore to take the logarithm and proceed as in 
Art. 168. 

Ex. 1. Find Lt^x*, which takes the undetermined form 0°. 

1 

Lt^ 0 log'X x =Lt x ^o^^=Lt MB9 JL-=£ f *-o(-s)=sO, 

X ~ 3? 

whence Lt mm . 0 x z =C°=l. 
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Ex. 2. Find Lt (sin *)*“*. This takes the form 1" 
*“2 


Lt _w (sin x) tMm =Lt E e tmoxtc 
X ~ 2 2 

log sin a; 


cot a; 


and Lt ir tan a: log sin x= Lt v t — =Lt m _ v Q 

R *=- cot x - cosec 3 a; 

= Lt __*■ ( - sin a: cos a;) = 0, 

whence required limit = e°=l. 

A slightly different arrangement of the work is exemplified here. 


175. The following example is worthy of notice. 


viz. 


given that 


Lt x „ a { 1 +*(«)}* w , 

(f>(a) = 0 f >/r(a) = x, 
<£(#) yfr (x) = ra. 

We can write the above in the form 


Q i !»<*) . *<*) 
1 + 


which is clearly by Art. 14, Chap. I. 

It will be observed that many examples take this 
form, such, for example, as 

on p. 9, and Exs. 21 to 26 on p. 12. 

176. -jt of doubtflil value at a Multiple Point. 

The value of ^ takes the undetermined form ^ at 
ax 0 

a multiple point. 
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The rule of Art. 167 may be applied to find the 
true limiting values of for such cases, but it is 
generally better to proceed otherwise. 

If the multiple point be at the origin, the equations 
of the tangents at that point can be at once written 

down by inspection and the required values of ~ thus 

If the multiple point be not at the origin, the 
equation of the curve should be transformed to parallel 
axes through the multiple point and the problem is 
then solved as before. 


Ex. Consider the value of a t the origin for the curve 

x 4 + axhj + bxy 1 2 + y 4 =0. 

The tangents at the origin are obviously 

s=0, y= 0, ax+by=0, 

making with the axis of x angles whose tangents are respectively 

. a 

°°> °> "A- 


which are therefore the required values of X . 


EXAMPLES. 


Investigate the following limiting forms : — 

1 +cos ira? 

tan 2 fra? 


log(l-^) 
* =0 log cos# 

4. 

Lt x= i 

Tt 2#»-3#*+l 

5. 

£ 

ii 

a 

T 1 - tan x 

ht v 

6. 

a 

4 1 — v2sin# 




Kan,**** 
lo ^sin ; 008 1 
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7. It 


cot 6 tan” 1 (m tan G) — m cos 2 


0=0 




8. 

Lt XmB Q ( 

10. 

lAx-a 

11. 

Lt Xamm 

12. 

Find 

13. 

Find 

14. 

Find 

15. 

Find 

16. 

If 


,\OOt*X 


9. 

(log*)' 0 * 

A 3?*+ Bx* ~ 1 + Cx* “ 2 + . . . j. 


<m. 


Lt Xmm Q 

Lt Xam Q 


sinh 2 # 
#*008# * 

vers” 1 x 
*j2x-a? 


Lt 


V« 2 + a# + a? - V« 2 - ax + a? 


'*“0 


*Ja+x-»Ja-x 


Lt j 


#-l 


c~ 


*"° 2#* 2# sinh#* 

sin 2# + a sin# 


Lt Z mmQ 


X 3 


be finite, find the value of a and the limit. 


17. If 




sinh 3#+ sinh 2#+ Oj sinh # 
#* 


have a finite limit, find it and determine the necessary values 
of a 1 and a%. 


18. If 


T COS 4 # + <24 COS 2 # +«2 

2 *-° ^ 


have a finite limit, find it and determine the necessary values 
of a i and Og* 


19. If 


Lt x „Q 


sin a?+o 1 6 x +aje“*+a 3 log 1 +# 
a? 


have a finite limit, find it and determine the values of a*, a^, 


k 
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20. Show that 


. < 1 + ^- e+ 2 u. 


24 


21. Find 
where 

22. Find 


Lt a 


d*y 


*•-0 da* ’ 
y= 0/sin 0 and 0=vers~ l .r. 

x 


/ sinh 

7A=o v~s~ / * 

L Find 


23. 


24. Find (a) Z* x « 0 (cosh#)# 1 , 


<*> 


. , (24 cosh x -24- ** 

(c) Lt x = jj } • 
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LIMITATIONS OF TAYLOR’S THEOREM. 

CONTINUITY. 

177. Suppose that portion of the curve y=<f>x which 
lies between two given ordinates 

AL (x = a) and BM (x = b) 

to be drawn. Then if we find that as x increases 
through some value, as ON, the ordinate <f>x suddenly 
changes from NP to NQ (say) without going through 
the intermediate values, the function is said to be dis- 
continuous for the value x = ON of the independent 
variable. 



Thus for a function <f>x to be continuous between 
two values a and b of the independent variable, it is 
necessary that its Cartesian graph y = <j>x shall be able 
to be described by the motion of a particle travelling 
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along it from the point (a, <j>a) to the point (6, <f>b) 
without moving off the curve. 

178. In the same way, if at a point P on a curve, 
if the tangent suddenly changes its inclination to the 
axis of x without going through the intermediate 
positions there, as shown in the accompanying figure, 
there is said to be a discontinuity in the value of <j>'x. 



179. If the curve y = <j>x cut the #-axis at two 
points A (x = a, y = 0) and B (x = b, y = 0), it is obvious 
that provided that the curve y=<j)X and the inclination 
of its tangent be finite and continuous between A and 
By the tangent to the curve must be parallel to the 
<r-axis at some intermediate point P between A and B. 


v 
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It is also evident from a figure that the tangent 
may be parallel to the #-axis at more than one inter- 
mediate point. 



180. We thus arrive at the following important 
result : 

If any function of x, say <f>x, vanish when x = a and 
also when x — b, and is finite and continuous , as also its 
first differential coefficient <f>'x between those values , then 
fix must vanish for at least one intermediate value. 


BYAMPT.P.R 

1 

1. Show that e x takes the form 0 or oo according as x 
is very small and positive, or very small and negative. Give 
a graphical illustration by tracing the curve 

_i 

y+ 1=« *. 

2. Show that if a rational integral function of x vanish for 
n values between given limits, its first and second differential 
coefficients will vanish for at least (n- 1) and (n — 2) values of x 
respectively between the same limits. Illustrate these results 
geometrically. 

3. Prove that no more than one root of an equation f(x) = 0 
can lie between any adjacent two of the roots of the equation 

/'(*)- o. 

4. Establish the result of Art. 179 from the aspect of a 
differential coefficient as a measurer of the rate of increase. 

5. Show that no algebraic curve ever stops abruptly at a 
point. 
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Taylor's Series. 

181. From the extreme generality of Taylor’s Series 
there is much difficulty in giving a rigorous direct 
proof. 

It is found best to consider what is left after taking 
n terms of Taylor’s series from f(pc+ h). If the form of this 
remainder be such that it can be made smaller than any 
assignable quantity when sufficient terms of the series are 
taken the difference between f(x + h) and Taylor's Series 
for f(x + h) will be indefinitely small , and under these 
circumstances we shall be able to assert the truth of the 
Theorem. 

182. Lagrange -Formula for the remainder 
after the first n terms have been taken from 
Taylor's Series. 

Theorem. — If f(x + z) and all its differential coeffi- 
cients, viz. f {x + z), f" (x -f z\ f* ( x -f z) y up to 

the 71 th inclusive be finite and continuous between the 
values z = 0 and z = h of the variable increment z then 
will 

f(x+h)=f{x) + hf(x) + ^/"(x) + ... +^L/-l(x)+^/-(*+«k) 

where 6 is some positive proper fraction. 

Let 

/(x + h)=f(x) + hf(x) + ~/"(x) + . .. + /-Mx) +£ R... (1), 

R being some function of x and h, whose form remains 
to be discovered. 

e. d. c. 15 
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Consider the function 


J{x+z)-f(x)-zf'(x) J2=^(«), say; 

then differentiating n times with regard to z (keeping 
x constant), 


f'(x + z) 

-/'(*)- */"(*)-• 

*»-i 

" (n-2)l^ ^ (n-l)I 





/'(* + *) 

- /"<*)-• 

’• (n-S)r W (n - 2 j ! 

etc., 


etc., 

etc. 


Z" -1 (x + z) 
f n (x+z) 




R=4>'(z), 

R =<!>"(*), 

zR=<p-'(i), 

R=<f>*(z). 


All the functions <f> (z), <f)'(z). <f> n (z) are finite and 
continuous between the values 0 and A of the variable z, 
and evidently <^>(0), <f>'(0), $"(0)..., ^^(O) are all zero. 
Also from equation (1) <f> (A) = 0. Therefore by Art. 180, 

</>' (z) = 0 for some value (h x ) of z between 0 and A, 

.\ <p" (z) = 0 for some value (h^) of z between 0 and A^ 

•\ = 0 for some value (A,) of * between 0 and A*, 

and so on ; and finally 

cj) n (z) = 0 for some value (h n ) of z between 0 and h n ^ x . 


Thus f* (x 4* hn) — R = 0. 


Now since A n < A*^ < An_ 2 ... <h i <h l <h i 

we may put A n = 0A where 0 is some positive proper 
fraction. 


Thus iJ =/* (a? + Oh). 

Hence substituting in equation (1) 

/(* + /.) =f(x) + hf (*) + ^/"(*) + . . . + ( -^/»- 1 (x) +£!/•*(* + eh) (2). 
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This method of establishing the result is a modifica- 
tion of one due to Mr Homersham Cox ( Gamb . and 
Dublin Math . Journal). 


183. If then the form of the function f(x) be such 
that by making n sufficiently great the expression 

can be made less than any assignable quantity however 
small, we can make the true series teif(x + h) differ by 
as little as we please from Taylor's form 

/(«$ + #>) + £/>)+... toco. 

The above form of the remainder is due to Lagrange, 
and the investigation is spoken of as Lagrange's Theorem 
on the Limits of Taylor's Theorem. 


184. The corresponding Lagrange-formula for the 
remainder after n terms of Maclaurins Series is ob- 
tained by writing 0 for x and x for h and becomes 




thus giving 

f(x) =/(0) + xf (0) + 1!/" (0) + . . . + (^r/*- 1 (0) + jjfj/* («*)• 


186. The student should notice the special cases of 
equation (2), Art. 182, when n = 1, 2, 3, etc., viz. 

f(x + h) —f{f) + hf {x -f 0Ji), 

fix + h) =f(x) + hf (x) +£f'(x+ eji), 
etc.; 

all that is known with respect to the 0 in each case 
being that it is a positive proper fraction. 

15—2 
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186. Geometrical Illustration. 

It is easy to give a geometrical illustration of the 
equation 

f(x + h) =/(#) + hf (x + Oh). 

For let x , f(x), be the co-ordinates of a point P on the 
curve y =/(#), and let x+h,f(x+h ) be the co-ordinates 
of another point Q , also on the curve. And suppose 
the curve and the inclination of the tangent to the 
curve to the axis of x to be continuous and finite 
between P and Q ; draw PM, QN perpendicular to OX 
and PL perpendicular to QN, then 


f(x + h) -f(x) NQ-MP LQ 
h “ MN ~ PL 


tan LPQ. 



Also, x + Oh is the abscissa of some point R on the 
curve between P and Q, and f (x + Oh) is the tangent 
of the angle which the tangent line to the curve at R 
makes with the axis of x. Hence the assertion that 

f^±!0zm., r( . + ek) 

is equivalent to the obvious geometrical fact that there 
must he a point R somewhere between P and Q at which 
the tangent to the curve is parallel to the chord PQ. 
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187. Failure of Taylor's Theorem. 

The cases in which Taylor’s Theorem is said to fail 
are those in which it happens 

(1) That f(x), or one of its differential coefficients, 

becomes infinite between the values of the 
variable considered ; 

(2) Or that f(x ), or one of its differential co- 

efficients, becomes discontinuous between 
the same values; 

h n 

(3) Or that the remainder — \f n (x 4- Oh), cannot 

n ! 

be made to vanish in the limit when n is 
taken sufficiently large, so that the series 
does not approach a finite limit. 


Ex. If f(x)= s /x, 

/(* + *) = > etc - 
Hence Taylor’s Theorem gives 


f(x + &) s Jx + h=,Jx+ h + ... 


If, however, we put x = 0, — T becomes infinite, while Jx + h 
**Jx 

becomes »Jh. 

Thus, as we might expect, we fail at the second term to expand 
»Jh in a series of integral powers of h. 


188. In Art. 70 the proof of Taylors Theorem is 
not general, the assumption being made that a con- 
vergent expansion in ascending positive integral powers 
of a? is possible. The above article shews when this 
assumption is legitimate. 

For any continuous function f(x) in which the (p+ l) to 
differential coefficient is the first to become infinite or 
discontinuous between the values x and x + h of the 
variable, the theorem 

fix + h) =f(x) + hf'{x) + . . . + j£fp (x + Oh), 
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which involves no differential coefficients of higher 
order than the p th , is rigorously true, although Taylor's 
Theorem, 

/(*+A)=/(*)+ V>)+. . -+^*)+ . . . 

fails to furnish us with an mtelligible result. 


189. The remarks made with respect to the failure 
of Taylor's Theorem obviously also apply to the par- 
ticular form of it, Maclaurin’s Theorem, so that Mac- 
laurin's Theorem is said to fail when any of the 
expressions /( 0), f (0), /"(0), . . . become infinite, or if 
there be a discontinuity in the function or any of its 
differential coefficients as x passes through the value 
zero and increases to the value x, or if the remainder 


op 


does not become infinitely small when n becomes 


infinitely large, for in this case the series is divergent 
and does not tend to any finite limit. 


TSXAMPIVRtt 

1. Prove that 

#2 jgn-l 

a*= 1 +x log, a+ (log,a)*+ jyj (log. a)* -1 

+ fi a *‘ ( log * ®)“ 

[Here f(x)=a*, /*(#)= a* (log, a)“, /»(0)=(log,a)» 
and ^ f n (6x) = (log, a)\ 

Hence the result follows by Art. 184. 

The student should notice that 

(lo&, a) n 
n\ 
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can be made smaller than am/y assignable quantity by sufficiently 
increasing n. Hence the remainder after n terms of Maclaurin’s 
expansion have been taken ultimately vanishes when n is taken 
very large. Therefore Maclaurin’s Theorem is applicable and 
gives 

J/2 

a*=l+#log,a+^ (log g a) 2 +...+ to oo.] 


2. Shew that 


a 3 # 3 a 6 # 6 

sina#=^- — +-— 


, a n x* . 

• H r 8111 

n! 



and that the remainder after r terms may be expressed as 



3. Shew that the remainder after r terms of e** cos bx have 
been taken is 

(l6x+r . 

4. Shew for what values of x and at what differential coeffi- 
cient Taylor’s Theorem will foil if 

{x-df> 

5. How does Maclaurin’s Theorem fail to expand 

log#, tan -1 V#, or e~* 

in ascending positive integral powers of #? Is e * continuous 
as x passes through zero ? 
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1. A circle is drawn with its centre on a given parabola and 
touching its axis, shew that if the point of contact recede 
with a constant velocity from the vertex, the rate of increase of 
the area of the circle is also constant. 


2. If V be the volume of a sphere of radius r and & its sur- 
face, shew that 

and interpret this equation geometrically. 

3. If V be the volume of a cube whose edge is x, and S its 
surface, interpret geometrically the equations 

dS 




dx 


= \2x. 


4. If V be the volume of a rectangular parallelepiped of 
edges x, y, z interpret the equations 


dV dV dV 

Tx=y z ' w =z *’ fo =xy ' 


5. Evaluate the limits : 


(i) 



(2) Lt x - oo 2* tan 


6. Prove that 


Ta cos 2 ttX _ 7 r 2 
Ltx=i ^-2ex~2e' 
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7. Evaluate t +*)-**<.*-») 

^ tan” 1 (a+x)— tan” 1 (q — x) 

8. Prove that Lt^, - — Lj) - \ . 

9. Find the limiting values of the following functions 

,. x a sin 6 — sin ad , A . 

(i) -x~. -z rzr when 0=0. 

w 6 (cos 6 - cos aB) 

#sin#-£ when #=?. 

/... 7 & A 

N COS 57 

(iii) (sin#)* 11 * when #=0. 

(iv) v*-^g+^ r « whan ^, a , 

V^-a 2 

10. Find the intercept made by the curve y=x cot ~ (The 


Quadratrix) upon the y-axis. 

11. If u — x \l& + a 2 + q 2 log (x + \/xf+ a 2 ), 

shew that ~ r ~ s ~‘ 7 


-=2 V^+« 2 - 


12. If 
shew that 

13. Find 

14. If 


#+\/a 2 — y 2 =qlog 


q+\/q 2 -y 2 


c?y_ y 
dx tjcp—y 1 


1, 

1, 1, 1 . 

1, 

x, 1, 1 

1, 

1, *, 1 

1, 

1. 1, X 

X, 

a , b, c 

— q, 

x, — c, b 

-b. 

o, x, -a 


— b, a, x 


^ - 12^=4 (a*+6*+c*). 
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15. If \/\ — a^+Vl — y**=a(j?-y), 

prove that ^ . 

y. 1 , l+*\/2+tf* 1 ,,^2 

16. If y—^—Ta log r_ 0 + o /o t^ 1 ; “2» 

* 4^2 6 1-4?V2+^ 2 v 2 

provo that; &-!+?• 

Hence expand y in powers of x. 

17. If 

v= 1 + _a _ 4 v ■ <v* +... 

** X G^i. — ®|) (# ~ ttg) — ®l) ®s) ®s) 


to rc + 1 terms, 


shew that ^ = ^ { 01 - + -^-+ ... + — }• 
da? x [a^ — x a^ — x <**-#) 


18. Differentiate twic 

(a?+2) 3 

the value of the result when x=0. 


18. Differentiate ; twice with respect to x, and find 


19. If w n =cosh n o? and v w =sinh H a?, prove that 
-n(n-l) it n - 2) 

^ <**»« . . _ 


*=n*v n +n 


20. If o?=cos logy, shew that (1 -x*)yi-xy x =y. 

21. If y=(a^+ta+c)/(l-#), 

shew that (1 - x) y z = 3 y t 

" fJn / d \n 

22. Prove that ^ (e°* . w)— «°* ( ^+° ) U ' 

23- Find g where y =^^ 3 . 

24. Shew that * **+*"+' 

<£*" (x-a)(x-b)(x-c) 

ly,,. ^ f*»*+g g + r 1 

^ (a _6)( a _ c )( x _a )»+ f 
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25. If y=^ m sin x, find . 


26. Shew that 


(±\*Qd 

W (i- 


(i+#) n 


2a?) 3 


3** (n+2) ! , (ft+1)! n(tt-l)3 n “ 2 w! 

2 (1 — 2#) n+3 n (l-2#)* +2 + 2 (l-2#)* +1 '‘ 

27. Shew that x~ l (x + l)" 1 ( x 4- 2)" 1 . . .(x + n)” 1 

I 

v ' »!V* +1 (;r+l)"> +1 ^(*-+2)™ + 1 ••• 


+ (-l) n v 


1 


(#+n) m+1 J * 

28. If <£(#) = (1 — #) -1 (l — cx) “ 1 (1 — c?x) ~ 1 to oo, where 

c is less than unity, shew that 

<f>*(0) =n\/(l — c) (1- c 2 ) (1 - c*). 

29. Prove that if ac>b 2 , 
d n b+cx 

dx n a+2bx+ca? 

= (-l) n 


«+i 

(«+2&r-Htt») * 008 {< W+1 > tan " 1 ^?} • 


30. if y=^r-* then xS! ^ + 4 a; ^ + 2 3 ' = ^' 

and if n be any evew. integer, 


31. If y=(x*- l) n , prove 

(а) (a 3 — l)y t =2nay, 

(б) (a 8 — l)y„ +s +2ay B+1 — »(»+l)y»=0. 

Hence if P„=j 1 («*- l) n , shew that 
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32. Prove that e°+&*+<»*+<i*+... 

33. If u=f(x\ shew that 

x du 1 /x\ 2 (Pu _ JL^ /#\ s 
2 <k; + 2! \2/ 5^ ” 3l V2J c&3 + “ 

34. If e x sin^=2a 1i ^ H , shew that 


wir 


a .***-! 1 a *~2 a »-3 , ; 

“* 1! + 2! 3! 5TT 


[l c. s.] 


35. If e? = log a^-K.. 4- +...), prove that 


(.♦lK„-,.+6a+^+*jf+...+= i . 

i lf etc. be the successive coefficients ii 

mmx + dnmx * prov e 

rT J *~ r ( C0S T _sin y)}' I 10 - 8 -] 


l?L 




36. etc. be the successive coefficients in the ex- 

pansion of y = $«*»»*+« tnm* prove 


?t+l 


37. Given that 

sinlog(l+a:)=^#+^x*+^tf s +... 

cos log ( 1 + x) = 1 + x + ^ x 3 + . . . 

calculate the first eight coefficients of each expansion. 

[m. tripos.] 


38. From the expansion of sin-^/Vl -«*, deduce 
* f, ,2 P ,2.4/ ) 

41811 X l+**{ 1+ 3 l+*» + 3.5 \l+*7 + ‘"J ‘ 
Also establish the series 

, v IT _ 11. 2 1 . 2 . 3 ^ 

^ 9 1 + 3 + 3.5 + 3.6.7 + - 


(*) 


2ir 

3^3 


-!+££) + 


1\* .1.2.3 /IV 


3 V 27 3 . 6 \2/ 3 . 5 . 7 \2 


5 +• 
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39. Establish the expansions 

. , ir* .,111 1.211.2 .3 
^ 8 1 + 2‘ 3 + 3'3.6 + 43.6. 7 + 

«■ 


41. Shew that if f(x+h) be expanded by Taylors Theorem 
and then h be put equal to — x, the sum of the first n+ 1 terms 
may be expressed as 

( ” »! <fce» L x J‘ 

42. In the curve — +K~= i xy> find the points at which the 

CL 0 

tangent is parallel to one of the co-ordinate axes. 

43. Find at what angle the circle x 2 -\-y 2 =a{x -y) cuts the 
co-ordinate axes. 

44. In the curve y=log coth ~ shew that ~ = coth x. 

45. In any curve prove that 

(o > p= ~d* ‘ 

(b) *Jr* . 


46. Find the sine of the angle of intersection of the rect- 
angular hyperbola a?- y i —a i and the circle x 2 +y 2 =4a 2 . 

47. Shew that the points of inflexion on the cubic 
are given by x=0 and x— ±a*J 3. 

Shew that these three points of inflexion lie on the straight 
line x=4y. 


48. If a line be drawn through any point of a given curve 
at right angles to the radius vector (ana therefore touching the 
first negative pedal), then the portion of it intercepted between 
the two curves is equal to the polar subnormal or the point on 
the original curve through which it is drawn. 

What is the geometrical meaning of ~ ? 
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49. In any curve the radius of curvature of the evolute at a 
point corresponding to the point p, r on the original curve is 



50. If p and p be the radii of curvature at corresponding 
points of a curve and its evolute, and p, r are the first, second 
and third differential coefficients of y with respect to a?, prove 
that 

p' Ip = (W - r (l +p*)}lq > - 

51. If pi p* be the radii of curvature at the extremities of 
two conjugate diameters of an ellipse, then 

0>*+p'*)(o6)*=.a s +& a . 

52. The projections on the a?-axis of the radii of curvature 
at corresponding points of y= log sec x and its evolute are equal. 

53. In the curve for which 



prove that the normal is m times the radius of curvature. 

54. Shew that there is an infinite series of parallel asymptotes 
to the curve (r - b) 0 =a cooec 0, whose distances from the pole 
are in Harmonical Progression. Find also the circular asymptote. 

55. Shew that the asymptotes of the curve 

4 (a^+y 4 ) - 17a?^y 2 - 4a? (4 y 2 - a? 2 ) + 2 (a? 2 - 2) =0 

cut the curve in eight points lying upon an ellipse whose eccen- 
tricity =V3/2. 

/ jo 

56. In the curve rcos^ — 

a 

shew that p = — ar . 

57. Find the asymptotes of the curves 

( 1 ) a? 4 ~y 4 =a 2 a7 y. 

(2) (a? 2 - 2oa?) (a^ -f y 2 ) = 6*a£. 
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58. Find the asymptotes of the curve 

{x-yf {x-2y) (x- 3 y) -2a(x 3 -y 3 ) - 2a 2 (x +y) (x- 2 y) = 0 . 

59. Determine from the equation 

(x - a) 3 + 7 (y - &) s = (#+y - a - 6 ) 3 , 

the values of ^ when x=a,y=b. 


60. Find that point on the curve 



where the angle which the tangent makes with a radius vector 
from the origin has a maximum or minimum value. 

61. Find the area and position of the maximum triangle 
having a given angle which can be inscribed in a given circle 
and prove that the area cannot have a minimum value. 

62. If four straight rods be freely hinged at their extremities, 
the greatest quadrilateral they can form is inscribable in a circle. 

63. Find the triangle of minimum area which can be de- 
scribed about a given ellipse, having a side parallel to the major 
axis of the ellipse. 

Also shew that the triangle formed by joining the points of 
contact is an inscribed triangle of maximum area. 


64. A tree in the form of a frustum of a cone is n feet long 
and the greater and less diameters are a and b feet respectively, 
shew that the greatest beam of square section that can be cut 

"out of it is 3 ^ feet long. 


65. Find the maximum radius vector of the spiral 
r cosh 6 = a. 


66 . Investigate the maximum value of cos mx . coa m x. 

67. Investigate the maxima and minima of 

cos x -f cos 2x + cos Zx. 

68. Find the maximum and minimum values of 4 * coax and 
trace the curve y =6* coax. 


Digitized by Google 



240 


DIFFERENTIAL CALCULUS L 


69. The comer of a leaf is turned down, so as just to reach 
the other edge of the page ; find when the length of the crease 
is a mini mum' also when the part turned down is a minimum. 


70. If the angle C of a triangle ABC be acute and constant, 
prove that sin 2 A+sin 2 21 is a maximum and cos 2 A -f cos 2 2? a 
minimum, when A=B. 

71. Shew that the shortest normal chord of the parabola 
y 2 =4o# is 6a V3 and its inclination to the axis is tan~V2. 

72. Find the maximum value of 

(x-a»(s-b) J( 1 > whena > 6 ’ 

( ' ( j ’ |(2) when a<b. 

What happens if a=b ? Illustrate your answers by diagrams 
of the curve 

y=(x-a) i (x—b) 

in the three different cases, [i. o. s.] 

73. Prove that the pedal equation of the envelope of the 

4 

line x cos 2 0+y sin 20= 2 a cos 0 is p 2 =- (r 2 - a 2 ). 

o 

74. A square slides with two of its adjacent sides passing 
through two fixed points. Shew that its remaining sides touch 
a pair of fixed circles, one diagonal passes through a fixed point, 
and that the envelope of the other is a circle. 

75. The tangent at any point P of a parabola meets the 
tangent at the vertex in $, and the normal at P meets the axis 
in R : find the envelope of QR. 


76. Ellipses of given eccentricity e, have for their major 
axes parallel chords of a circle of radius c. Shew that their 

/I -e 2 

envelope is an ellipse whose eccentricity is . / . 

x ~f* 1 

77. Shew that the expansion of - is 


where 


-l R-l B L n-1 

6 * 30 ’ 42 ’ 30 ’ 


etc. 


[These numbers are called Bernoulli’s numbers.] 
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78. Shew that if 


*** x Si fi + s * It + s * fv + • 


then 


S* 


d V(V-l) 


79. Shew that 

a *x=l+S i £ l +S t f, + S t £ l +.. 
where 5 2 =1,./S r 4 =5, >S 6 =61, etc. 

[These numbers are called Euler’s numbers.] 


80. If sec# + tan#=l+/S^ -f £g^+. 


prove 

(«) ^♦i=tf,+^y- ) S p _A 

1.2. 3. 4 p “' 

(which when p is even expresses any Bernoulli’s numb 
of lower order Euler’s numbers). 

(b) s ■ PjPzll s . p(^— 3) 

W *>p-- 12 *p-*+ 1. 2.3.4 

+cos^=sin^. 

(c) ^=1, <S' 2 =1, £ s =2, jS*= 6, ^=16, <S 6 =61 
^ 7 =272, 5 8 = 1385, <S 8 =7936, etc. 

♦(-r'+Gr* 

E. D. C. 


A+ 

er in terms 


4 

16 
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(«) 


Deduce the several results 


1 1 

1 , 

7T 

3 + 5 

7 + ” 


1 1 

1 

W 2 

3 2 + 5 2 + 

72 

~8 ; 

11 

1 

IT 3 

3 3 + 5 3 

7 3+" 

32 1 

1 1 , 

1 , 

7T 4 # 

3 4 + 5 4 + 

74+- 

**“”96 ; 

1 1 

1 

57T 6 

«l 

+ 

1 

7* + " 

“*~ 1536 


eta 


I 
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Page 5. 


1. (a) oo, (6) 

w •• 

2. 

<*>!’ 



3. 3a 3 , 4a», 5a»/2. 

b CL 

* d’ c* 


5. - 

1. 

7. -oo, 0, 0, 

-1, -oo, 

oo, 0, oo. 


‘ 5 

1 

’ 2* 



Page 11. 




1. lo&a. 

’ !■ 

«. 5. 

n 

4. 

1 

n* 

6. 4. 

6. 4. 

7. 2. 

8. 1. 

9. 

1 

2* 

10. 

“• S- 

- {• 

18. 1. 

14. 

1. 

15 * o 

- -?• 

»s- 

“• -j. 

19. 

1 

2* 

20. 1. 


31. oo. 22. 1. 28. e~l. 21. 0. 26. e~ l . 26. ei. 


CHAPTER II. 

Page 16. 

2. Y -y=4x s (X - x), 

4. r-y=(2a?+8x 9 ) (J-x). 

6. Y-y=e?(X-x). 

8. Y-y=Bec?x(X-x). 

10. Xr/a a + Fy/6*= 1. 

16—2 


1. Y-y = Sx 3 (X-x). 

8. 2 »Jx {Y-y)=X-x. 

8. Y-y=coax (X-x). 
7. x (Y-y)=X- x. 

9. Xx+Yy=c a . 
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Page 17. 

1. 2. 2. 1. 3. 3. 4. 6*. 5. -l/x*. 

6. -1 /x 2 . 7. -2 /x 8 . 8. a/2 Jx. 9. x\Jx 2 +a*. 

10. e'GfiJx. 11. e^cosx. 12. tanx. 

13. sinx+xcosx. 14. (x oos x - sin x)/x*. 15. x*(logx+l). 

CHAPTER III. 

Page 27. 

1. x 3 (3 sin x+x coax); (3+x) x 2 e?\ x 2 (3 log«x + 1) ; 

x* (3 tan x + x sec 2 x) ; x 8 (3 log* sin x + x cot x). 

2. x 8 (4 - x oot x) cosec x; (x oos x - 4 sin x)/x* ; (oosx-sinx)/«*; 

e* (sin x - cos x) cosec 8 x. 

3. sec 8 x log* sin x + l; e* ^log*x+^ ; sinx (2 + tan 2 x). 

4. xV'sinx (3+x+xcotx); tan x log«x -f x sec 2 x log,x -f tan x. 

0. x 8 e-* {(3 -x) sinx+xcosx}; x 8 «~ x coseox {3-x-xcotx} ; 

- (3 + x + x cot xJ/xV 6 sin x. 

6. (sinx + 2x cosx)/*/x; 3(2xsec 8 x-tanx)/2x4; 2<r e (2x - l)/x4. 

7. e* (2x4 + 6x$ + 2x + 1)/2x 4 ; e* log«x <x 4 +5x* + 3x 8 ) + s* (x* + x 2 ). 


Page 30. 


1. 3e3*; -<r x ; 3 sin 2 x cos x; — j==; - — t==; 

2^/srnx 2x v log« x 

sec 2 x cos >y/x 

2 ^/tanx * 2 ^/x 

2. e 8,n *cosx; s Un *sec 2 x; 3x 2 «**; 1. 

1 3 

3. cot x ; 2 cosec 2x; 

2x x 

^ cos (l og x) sec 8 (lOfex) a COS (log»x) 

x 9 x ’ 2x aJ sin (logfiX) ’ 

cos^/x cot ^/x 

4 Ji Vain */x 

5. ^^cot*/?; sec 2 log« sine^.cote^.s^.— ^7=r. 

4 2 ^x 
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CHAPTER IV. 

Page 32. 

1. 1; 10*®; -*"*; -lOar 11 ; 


3 


ill 5 _ jjl 6 — 4 

*2*4’ 8x4’ 6* i* 


2 . n(x+a)* _1 ; nx* -1 ; - 1 


2 x* + a ) 3 ® (x + a)$ 

8. na (ax + 6)* -1 ; na* w_1 ; naPx*" 1 ; na(x + b) n ~ 1 ; a*. 
x 8 x 8 x 4 

4 . i+*+-]+ 3 ?+ri + — 

5. - (15a + 116 Ijx) /l2 c ifx* ; tja/y/x (Ja - V*) 2 ; 
2fclsZ/x*CJZ-yx)*; a/(a-x)*(a+x)*; 2a/3 (a-*)* (a + *)$. 

(a-c) {6*® + 2 (a + c) * + 6} # 

(cx 2 +6x+a) a * 

(x + a)*- 1 (x + 6)»- 1 {(*>+$) x+i>6 + ga}; 

< 5^|S {(i, ' 8)ir+p6 " ?a }- 


Page 34 

1. 2e**; - e~ x ; ne** ; sinh * ; cosh * ; Be**. 

Jl. 1 a 2a* +6 2 4* (log x a) 2 

2** x+a* ax + 6’ ax 2 +6x-f-c , 1-**’ l-* 4 ’ xlog«a‘ 

8. «* *'(«*); ^'(log®); ^==; 

» [0 (a + x)]*- 1 0' (a+x); n (a + x)* -1 0' [(a + *)»]. 

4. e xQog(x + a) + -i-]; 

x w “ 1 «*(x + »); (1 + log a) a*.e*; 2* log« 2 ; 1°. 

. 1 + c* ,1 e* . . 

5. — - ; «*+-; —7. ^(xlogx-1). 

x + «* x x(logx) 2 ' 0 

* j. 1 

6. ^xlogx # log ex ; ; log tX. 

X 


L 


Page 35. 

2 cos 2 x ; n cos fix ; n sin *” 1 x cos x ; 


n 008 x* . x * -1 


cos Vi 

; 2 Vi * 
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oos Jx 1 t— 008 xe y /* inx 

3. y .. ; oots; — jrootjx; cos aa* 111 ®; - /- — “• 

4 2 f x 2 ' /8Uli ' 

sin™ -1 x 

3. sin** -1 a: cos 1 *” 1 a? (m cob 3 x - n sin 3 a?) ; ~^’^r ^( mc08 * x + nsin2a5 ); 

n s x w_1 sin n_1 (nx*) cos (nx n ) ; <*** (a sin 6x + 6 cos bx). 

4 . i (cos 2a? +2 cos 4a? -3 cos 6a;); sinx (sin 3x + 3 sin x)/sin 2 3x. 

5. -|(sin2x+2sin4x+3sin6x); 

- cos*’ ax . cos« bx . cos r cx (ap tan ax + bq tan bx + cr tan cx). 

Page 38. 


1. 2xsecx*. tanx 3 ; 


X/^/x 4 - 1 


; 2xsec 3 x 3 ; 


2x 

r+^ 


; 2xsinx 2 ; 


j2-x*‘ 


2. = — — r — ; ^sec 2 ^*; 2 cosec 2x; j= ^ =- ; -2 cosec 2x. 

ft 1 - » » * n -4- .r^ tan-1 <r. * 


2 cosh x * 
1 


(1 + x 2 ) tan _1 x 3 
1 a 


J2ax-x*’ Ja(2-a) + 2x(l-a)-x*’ « a +* a ' 1 + x 2 * 
4 . - cos x/2 ^/covers x ; pqxr- 1 tan** -1 xfl . sec 2 x* ; 

pqx*- 1 (tan -1 xp)9- 1 /( 1 + x 5 ^) ; log tan -1 x + - x 

tanx 1 


(1+x 2 ) tan -1 x* 


5. sec 3 x.sin~ 1 x + 


J 1-x 2 ’ sinx */sin 3 x- cos 2 x' 

sinx « / . , . 1 \ 

j— ; e* ( sin" 1 x + — 7 r ) . 

1 *1* cos 3 X * \ *Jl-X*J 


Page 42 (first set). 

/sinx . \ 

1. x*in« ( ~ ~ +cosx.logxJ ; 

(sin- 1 x)* ( log sin -1 x + t_— - ) ; x®*^ 1 log fix 2 ; 2x 3 *log £ 

\ sin -1 x . yl-x 2 / 
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/cos 3 a? . . \ 

2. (sin £)cos* ( -g— — - sin x log sin x J 

( sin 3 x\ 
cos x log cos a? - — — J 

(tan x) x (log tana +2* cosec 2a?) + a; tan® ^sec^logar + itana?^ . 
3. tan a;, log a;, e*. a?*. Jx(^2 cosec 2a? + x ' ^g ^ + 2 + log x -f . 


Page 42 (second set). 

2 L 3 4 . 1 

2 - 1 + as 3 * 3 ‘ 2 1+a? 3 * * JTZ*' 

n 2 7 * 2 

*/l~a? 3 ‘ * ^i+a? 3 ’ * “1 + x' 3, 

„ *»-2*4-2*4 + l .. 2 *»-l 

10. — = 11. —j ==. 12. j. 

2a?*(l + a?)(l+a? 3 ) V 1“** x " 4 


Page 46. 


l. 




4 b. -«* log- Zr’iog-. 6 . . y^-Hy-i ogy 

a? 2y 3 - 1 y * x / a^* -1 * a;* log a? 


Page 47. 


. *’+2*-2 „ 1 
(* + l) s ' n 

1 1 B - 

l-n 

(a+a?) w . 
3a? + a?* 

3. ?5( a 2 +x a) » . 

a^-2a 3 a? 3 +4a 4 

(l-*)4(l+*)i 

(1+* 3 )*' 

(** - o J )4 (*’ - 4a s )4 ' 

2 + 2a? - a? 3 

2 (1 - *)4 (l +*+*•)! ' 

8. 

2(1-**) 
1+a^+x 4 ’ 

, 1 

10. 

— cos x°. 

a?{l + (loga?) 3 } 

, sin e* 

11. cos log a? H . 

a? 

12. 

180 

log fj cot x 2tan _1 tf* 
cosh x sin 2s * 
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cos Jx x 1 L r cos a-gVata* 

а. , . ; cot®; — pr cot ux ; cos *e 8ina5 ; - — -• 

2 Ji *J Bmx 

8 i n m — 1 

3. sin”*- 1 a; cos*” 1 * (m cos 2 *-ra sin* x ) ; ~ CQS »+r ~ ( m cos 2 ^ + n sin 2 *); 

n 8 **” 1 sin*” 1 (nx 11 ) cos (nx n ) ; eP* (a sin bx + b cos 6*). 

4. | (cos 2* + 2 cos 4* - 3 cos 6*) ; sin * (sin 3* + 8 sin *)/sin 2 3*. 
z 

б. - ^ (sin 2x + 2 sin 4* +3 sin 6*) ; 

-cobPox.qobP bx. cos r cx (ap t&n ax + bq tan 6* + crtan cx). 

Page 38. 


1. 2* sec* 2 , tan* 2 ; 


*V* 4 - 1 


; 2* sec 2 * 2 ; 


2* sin* 2 ; 2 


1 + * 4 ’ 


n/2-* 2 * 


2 cosh* 

1 


; ^sec 2 ^*; 2 cosec 2*; 


(1 + * 2 ) tan- 1 * 
l a 2 


j- ; -2 cosec 2*. 


’ ^2 a*-* 2 ’ Va(2-a) + 2*(l-a)-* 2 ’ a 2 ** 2 ' l + * 2 ‘ 

4. - cos */2 ^/covers * ; pqxr- 1 tan** -1 *« . sec 2 ** ; 

pg*^ 1 (tan- 1 **)^ 1 /^** 2 ?); log tan -1 *+^ ® 

„ . . tan * 1 

0. sec 2 *, sin -1 * + 


(1 + * 2 ) tan -1 ** 


Jl-x 2 * sin* N /sin 2 *-cos 2 ** 

sin * , / . , 1 \ 

r+=K^V“"* + ^5i)- 


Page 42 (first set). 

•log*^ ; 

(sin- 1 *)* ( log sin” 1 * + — 7== ) ; X&+ 1 log eaP ; a^log t 

\ sin- 1 *, yl-* 2 / 


/sin* 

1. +COS* 

\ * 
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. . „ /cos 2 X . , . \ 

2. (sin x)«> 8 * ( — : sin x log sin x ) 

v sin x j 

/ \ i ( i sin 2 *\ 

+ (cos x) 8in * ( cos x log cos x - qo ^ x 1 

(tan#)* (log tan x +2x cosec 2x)+x tan® ^sec 2 xlogx + i tan x^j . 

3. tanx.logx.e*.x*. *Jx^2 cosec 2# + - +2 + log# + ^^ . 


1. 


1+x 2 * 

5 . 1 . 

3 


2 . - 


Page 42 (second set). 
1 


1 + x 2 * 


Jl-a 


S. i 1 


2 l+x*’ 

x 

JT+&' 


x 1 - 2x$ - 2x% + 1 
2x* (1+x) (1+x 2 )' 


10 . 


11 . 


Jl-X*' 


*■ JTX&- 

2 

1 + #** 

x 2 -l 
x 2 - 4 ’ 


8 . - 


12 . 


3/ 2 ’ 

y 2x 2 -l 
4 * ” x 2y 2 - 1 * 


Page 46. 


a? n-1 

*■ 


6. -y ! 


log ^/x 2 log J. 


x(y-l)' 
yx^ + ysl ogy 
xy*~ 1 + x^ log x * 


Page 47. 


x 2 + 2x - 2 
(x + 1) 2 * 


4 . - 


2. ^(<x+*) w • 


5 . - 


3x + x* 


3. ??(„*+ X s ) n 

x 4 - 2a 2 x 2 + 4a 4 


(l-x)*(l+x)*' 

2 + 2x - x 2 

2(l-x)i (1+x+x 2 )*’ 
1 


(1 + x 2 )* (x 2 - a 2 )^ (x 2 - 4a 2 )^ 


8 . 


2 (1 - x 2 ) 

1 + x 2 + x 4 * 


x{l + (logx) 2 }* 

11. cos «*.«*. logx + 


!0. ^OOBX" 


sm<* 


12 . 


log /y/cotx 2tan~ 1 g* 


coshx 


sin 2x 
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13. 

15. 

18. 

19. 

20. 
21 . 

22 . 

25. 

26. 
27. 
29. 
32. 

35. 

38. 

40. 

41. 


sinh x . . , 

— =— , i.e. tanh x. 
cosh a: 


l + em*x * 

(sin” 1 x)*"^ 1 (cos -1 x) n_1 


2 cosec2x 

V 2 log cot x - (log cot x) 2 * 

XT. — * 

x /s/x 2 -! 


n cos'” 1 x - n sin” 1 x). 


cos (e* log x) e* log (xc a ) ^/l- (log x) 2 


- sin (e x log x) 


/l - (log x) 2 


cost 1 x - x ^l-x 2 a sin (o oosec” 1 x ) ^ 

(l-x*)t * * xjx*-l * * ” fe + a cos x * 


(1 — x 2 )* x*Jx*-l fe + acosx 

**--• j!2f^ + 8z*tan**J. . 

*** (o oos (6 tan -1 a) - - gin (6 tan -1 a)| . 

zq°* (2+cz log, a) M a log, a gin (log, G 1 * + a 1 ) 

l+z 4 a Sc * • ' ( a i +1E J) cog 1 (log, * 

2 30. 1 81 I 

1-z 4 zlogz ' a log a log 1 a log* i... log 11-1 a* 

j r~ . 88. ~=L= » 84. 10* . 10 10 * (log, 10) 2 . 

a + beoex 7 

1 

c x . c«*. 36. e** . x* . log («x). 37. x«* . log (xe*). 

X** . x* . |(log x) 2 + log x + ij- . 39. x* log (ex) - x* log ? . 

- (cot x) cot*oo S ec 2 x log (e cot x) + (cosh x) C0Bh * sinh x log (e cosh x). 

x4 a ex x nnz / 


+ tan” 1 (a**x***) 


2ai (1 + a*) 1 ‘ 
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42. 

43. 

44. 

46. 

46. 

47. 

48. 

49. 

61. 

64. 

67. 

69. 

61. 

64. 

66 . 

67. 


t J\ — & tan - 1 x 1 + X* 

/ . m m\ /, . m m\ m 

y 8111 g ~*~ C0B a ) 

s]l-x*-2 s /x 

4 a/x ^/l-X* tjx + COS" 1 X (1 + a/x + COB -1 x) 

- y cot x (1 + 2 oosec* x log cos x). 


x (l+x a ) cot -1 xj 
l 


}• 


_ y |log^** 

(l+i)’ |log x -±± - +**"* {x+l-logx}. 


a? + y 8 - 


a (x*+y a ) sec* |-6x 


60. cos x . cos2x . C0B a y . e 00 * 8 *. 


ax + hy n f a \i ytanx + log sin y 

hx + by' * 2x\a + 6x*J * * log cos x - x cot y 

x (3 + 2 tan log x + tan’ log x). W. M. 

ylogy 1 + x log x log y 

x log x 1 - x log y 
ax+ky+g 
hx+by +f* 

6x* (1 + y 2 ) tan x 8 ^ -1 * 

1 + y a - log sec a x 8 e t * n ~ l v ‘ 

- (1 + a a cos* &x) (x* + ax + a*) 11 ” 1 

(2x + a) log cot ^ - cobco x (x* + ax + a 8 ) J j ab sin bx. 

^log x + x ^j • 

1^ Jl+x?+ Jl-x* 


v+y 

y {(a+bx) y -bx*\ 
x(y-x) {a + bx) 

y_ t 

X* 

logio* 

2x* * 


68 . 


1 

' 2 * 


2* 

70. 1. 
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7 L 2 n (1 + a£) tan -1 x log tan" 1 x +x 

(l+ac*) tan” 1 x(m/x cos Jx-Ssm Jx) 

„ «-*• r 8^+5a» ,-*1 

”• sTOLtM -< 6 ^ +4 ^ 860 * ^ 2 J • 

1 2 [Deduce from first result of 83 by putting lx 

w * log x ~ x* - 1 * for x, then using exponential values and writing 
zb for c*, or otherwise.] 

86. (6) Prove H K = X ^Jj ~ ~ *> +,«**<"-»> , and then 
v ; * x*(y-z)+y*(z-x)+z*(x-y) ’differentiate. 


1. 


(ax+b)** 1 * 


2 . 


CHAPTER V. 

Page 55. 

n! _ 6*.nl 


(a - x)* +1 * (a - bx)"* 1 * 

( - l)*(6c - ad) c n ~ l n ! 

(a -f 6x)* +1 * * (cx + d) n+1 

(-*l)»q a wl (- l) w (n+3) I 

(x-a)"* 1 ' '* 31 (x + a)"* 4 * 

. ‘- a- 

(x + a) 2 

3. 8. 13. 18. ..(5n- 2) (-1)- _ , ^pa*(n- 1)! 

5* • **±T AW * 1 ] (ax + b)» * 

(x + a) 5 

U. I {cos (* + y) - 3*008 (3*+y)}- 

12. ~ |2 2 cos ^x+~^ -10*cos(3x+ntan~ 1 3)| . 

pX « 

13. y {1 - 5 2 cos (2x+ntan~ 1 2)}. 

14. ja* + (a 2 + 46 s ) 2 cos ^26x + n tan -1 j . 

15. j |2* sin ^2x+ + 4* sin ^4x + - 6** sin ^6x + • 

16. |2 . (10) 2 cos(x+n tan” 1 - (18) 2 cos ^3x + 

- (34)* cos ^5x + n tan -1 J- . 


(-ly^qfr^wl 
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17. js**" 1 sin ^2x + - 4*” 1 sin J- . 

18. ~ |2. 5^sin(2a;+ntan~ 1 2)-(17)*sin(4a;+ntan“ 1 4)| • 


Page 57. 


1. (— 1)* 2 n-l n ! _ i)»+i (2x+l)*+i}- 

2. ( - l) w . 2*n ! sin (n+ 1) 0 gm H+1 0, where tan . 


8 . 


( ~ l)n~i (n - !) I 
2 


l_i l_i . 

(x+a) n (x-a) n f 


*■ [(i^ - 8in (« + x > e 9in,,+1 «] ■ 

where x=acotd. 

(~l)»nl n J 1 1 l 

a 2 - b* [_2a ((x-a) n+1 (x + a) n+1 J 

1 f 1 1 —1 1 

26 lOc-6)* +1 {x + 6)*' f ‘ 1 j J * 


6. 


( - l) H n! [“s in (w + 1) <t> sin lH ' 1 <f> sin (n+ 1) 0 sin* +1 


*- 6 2 L’ 


6 W+2 a w+2 

where x=aoot 0=6 cot 0. 

7. 2 ( - 1) H_1 (n - 1) I sin n$ sin w 0, where x=cot 0. 


C0B ( g+ £) 

sin 0 


r«l\n 2 n +*n! 

8. - — sin (n+l)0 sin* -1 " 1 $ , where x 

9. - — n - {sin(n+l)0sin^ 1 0-8in(n+l)08in ,l+1 0}, 


3 2 
where 


<**(*-?) oosfa+l') 

sin 0 sin0 ' 

10. (-l) n nl jsin(n + l)0Bin^ 1 0-Bec WpW ^8in(n+l)08in*+ 1 0j- , 

. 008 (» + g) 


where 


£ = cot 0 = 


sin <p 
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71. 2 


to(1+x*) tan -1 x log tan" 1 x + x 


2w+8 

2 


(1+x 2 ) tan -1 x{*Jx cob Jx-Zmi i Jx) 4 

„ «■“ r 8^+sx 5 ,_“i 

80 - 42*+^Li^^7^ : 5- ( 5z4 + 4irl! ) 860-1 * ’ 

_1 2 [Deduce from first result of 83 by putting lx 

log x x* - 1 * for x , then using exponential values and writing 

zb for e*, or otherwise.] 


86. (6) Prove H h = 


and then 


(-l) w q»rol 
(ax+fc)* 1 * 1 * 

(a -f 6x) n+1 


x *+* (y --«)+ y** 2 (z--x) + z "+* (x - y ) 
x >( y - z )+ y >( z - x )+ zHx - y ) 

CHAPTER Y. 

Page 55. 
to! 


2 . 


3. 


6 W . to ! 


(x - a)** 1 


(n>l). 


5. 

7. 


(a — x)* +1 w (a — bx)*** 1 * 

( - 1) H (6c - ad) c H_1 to ! 

(cx + d)** 1 

(-1) h (to + 3) ! 

3! (x + a)*+* * 

, > 

(x + a) 2 

9 3.8.13.18...(5ro-2) (-!) » / j>a*(TO-l)l 

5* * ®?+*‘ * ' f (ax + 6) w 

(x + a) 6 

11. \ (eos(*+^) -3*008 (3*+ ^)} . 

12. ^ |2* cos ^x + - 10 2 cos (3x + w tan“* 3)J- . 

13. — ■ {l-5 2 cos (2x+TOtan -1 2)}. 


t ox | 
2 


|a n + (a 2 + 46 s ) 2 cos ^26x+to tan _1 ^^| . 

15. j |2* sin ^2x+ + 4 W sin ^4x + ^^ - 6 W sin ^6x +^^J- . 

16. S { 2 * (10) * °° B { x + n tan ” 1 1) “ ( 18 )^ (»* + 

- (34)* cos ^5x + to tan -1 0 J- . 
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17. sin ^2x + - 4* -1 sin J- . 

18. ~ |2. 5 ¥ sin(2a:+TOtan~ 1 2)-(17)*sin(4a;+ntan“ 1 4)| • 

Page 57. 


1. ( - 1)» 2 n-1 *> ! _ !)«+! (2*+ i)«+i| • 

2. (-1)*. 2*n! sin (n+1) 0 sin** 1 0, where tan^=^. 

( — I)”— i (n — 1) i f 1 1 ) 

2 (x+a)* (x-a)*J * 


*• ^ 8in <“ + X) * ^ *] ' 

where x=ao otd. 

(~l)"nl rj_ I 1 1 1 

a* -6* |_2 <* |(j: - a)" +1 (*+a)" +I ) 

_1J_J LJil 

2b l(x-&)*+ A (x + 6) W+1 J J 


6. 


( - 1 )* n 1 |"s in (n + 1) <f> sin** 1 <f> sin(ft-f-l)fl sin** 1 


a*-fc a L~ 
where 


6*+2 a i*+2 

x=acot 0=6 cot <p. 

7. 2 ( - 1)*" 1 (n - 1) ! sin n$ sin*0, where x=cot 0. 


-*]• 


(- li* . 2*+ a n ! 

8. - — sin (n + 1) 0 sin** 1 0, where 

3"*~ 

(-l)*2** 1 nl 


„zhll. 

sin 0 


3 * 
where 


{sin (n+l)0sin ,,+1 0-8in(n+l)08in ,l+1 0}, 

008 (*-g) 008 (* + g) 
sin 0 sin <f> * 

10. ( - 1)* n I |sin (n+ 1) 0 sin** 1 0 - sec** 8 ^ sin (n + 1) <f> sin** 1 ^J- , 

008 (» + g) 


where 


x=cot0 = 


sin <f> 
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Page 60. 


1. e*(s+n). 2. a w " 9 « a *{a** a +2fWMJ+n(tt-l)}. 

2(-l)^Mn-B)l 

*• ' a*-* 

4. £ 8 sin^£+^^ -f 2ns sin + n +n(n- 1) sin ^a? + n "g— 

6. g®* (P sin tor + Q oos bx) 9 where P+iQ= {a+tb) n . 

« nl 

7. ( - 1)*- 1 (n - 2) ! sin* -1 0 cos 0 cos n0 {titan 0 - t&nn0}, where 

£=cot 0. 

8. ( - 1)* -1 (n - 3)! sin H ~ 2 0 {(n - l)(n - 2) sin «0 cos*0 

-2n (n- 2) sin (n- l)0oos0+n(n- 1) sin (n-2)0} f where £=cot0. 


Page 63. 

1. y 4 = (16a? 4 - 12) sins*- 48x* cos a 9 . 

2. y 4 = a: sin a; -4 cos x. 8. y 6 = - 8c* cos x. 

4. y H = a*~ 8 e®* {a 8 * 3 + 3na 8 £ 2 + 3n (n - 1) ax + n (n - 1) (n - 2) }. 

,0 „ f (c -«)(<- ft) (<i-a)(d-fe) ) 

c-d I (x-c)* +A (x-d) n+1 J * 

11. y =(-l) n “ 1 »! J^ n + _( n _ + *) 
u. y n { l) m -j 2 (. T _i)*+s + (*-l)n-w 

+ _J_ 1 l 

(* - 1)*+> (i-2)* +1 J ’ 

11 y t =n(n-l)(n- 2) x H ~* |logi+^ + ^ + ^| . 

. (, 111 1) 
j, B =n! |log* + i + ^ + s +...+-J. 

n! 

y-H-»=T* 

14. y n = - - sin* +I 0 jcosec^ 1 ^0 

8 8 

+ 2*+ 8 sin ^ti+10 where £ + 1 = ^/5 sin ^ BAn e - 

15. y n ( - 1)* n! sin w+1 0 {sin (n+ 1) 0 - cos (n + 1) 0 

+ (sin 0+ cos 0) - * -1 }, where 0=oot“ 1 a5. 
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16 . 


( - l)*w! |(n+l) ( to + 2) 3 (n+1) 

4 \ {x-l) n+ * + (x-l)"« 

+l_i_ 

+ 2(x-l) w + 1 


1 1 ) 

2(s + l)"Hf • 


CHAPTER VI. 

Page 68. 

8. a^+a^+y ... . 

9. (a) tan -1 — = tan -1 - - tan' 1 x = etc. 

Qi> w8 

(6) tan -1 - _ = 8 tan -1 a; = etc. 

(c) sin -1 = 2 tan -1 a; = etc. 

(d) cos -1 - — ——7=2 cot - 1 a?=ir — 2 tan - 1 aj=etc. 

' x + x- 1 


CHAPTER VII. 


8. *0027 of an inch. 


Page 89. 


CHAPTER VIII. 

Page 95. 


Tangents. 

1. (1) Xx + Yy=<*. (2) Yy=2a(X+x). 

(8)| + ?=2. (4) r-j,=smh?(X-*>. 

(6) X(2xy+y») + r(*»+3»y)=3a*. 

( 6 ) Y-y=cotx(X- x). 

(7) X(x*-ay) + Y (y* - ax) =axy. 

(8) X{2x +y*) - a*x} + Y{2y (x'+y*) + ah/} =a*(x» - y«). 


( 1 ) 


X 

x 


Y 

y' 


Normals. 


( 2 ) 


X-x 

2a 


+ 


Y-y 

V 


=0, etc. 
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{ Tangents are Y= ± - 3 . 

8 8 

Normals are Y= =f— ^-•‘C+ s^o- 

9 00 . 

4 / x I Parallel at points of intersection with ax + ky=0. 

' 1 (Perpendicular at points of intersection with hx+by=0. 


(A 

(y) 

6. (a) 


(P) 


(Perpendicular where x=0. 

(Parallel at ^a). 

(Perpendicular at (0, 0), (2a, 0). 
j Tangent, ^cos0+|sin 0=1. 

(Normal, ax sec 0 - by coseo 0=a 2 - b 2 . 

! 0 0 0 

Tangent, x sin ^ - y cos j^a0 sin - . 

0 6 0 0 

Normal, xooa-+y sin^=a0cos^ + 2asin-. 


A + B r 


A+B A 


A-B d 


(y) < 


Tangent, xan-^-0-y cos 0= (A+B) sin 0. 

■ . _ , A-\-B . A+B . , A — B 

I Normal, x cos 0 + y sm 0= (A-B) cos 0. 

6. For an ellipse, r*= a 2 cos 2 0+b* sin 2 0. 

For a rectangular hyperbola, r*=a 2 cos 20. 

7. = they must be confocal. 

a b a! V 

9. The axes are tangents at the origin. Also at the point (2^a, 2^a) 
the tangents to the parabolas make angles tan” 1 2^, tan -1 2“^ 
respectively with the tangent to the Folium. 

Page 96. 

2. (a) ax= ±by, (fi) x=0 and y =0, (7) a«= J&-a 2 , 

Page 101. 

1. c*l*Jx?+y*. 8. area ^a 4 a;y. 

9. n= - 2; n=l. 
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1. 

12 . 


19 . 


1. 

3. 

4 . 
0 . 


1. 

2 . 


1. 

4 . 

7 . 

10 . 

13 . 

16 . 

18 . 

20 . 

22 . 


1. 


ANSWERS TO THE EXAMPLES. 
Page 110. 


At x=2± 


sit 


6. Where x= r .. 


If normal = y 3 /^ 2 , anbtangent = bh/l *Jy*-b*, 
subnormal =y sjy* - 6 4 /6*. 


x 

2 * 


20. j. 
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CHAPTER IX. 

Page 117. 

y=x; y = 2x; y = Sx. 2. y=x; y=±(2x-l). 

y + x=0 ; y + l=±xj3. 

y=x ; y + x + l=0; y + 2x + 2=0; y + 3x + 3r=0. 

2x + 3y + l=0; 3x + 4y + l=0; 4x + 5y + l = 0. 


Page 118. 

y + x= 0; y-x=0; y-x= 1. 

y + a;=0; y-x=0; y-x=l; y-x=2. 3. y±x= ±1. 


Page 125. 


2a 

*+y= T . 

y=0. 

x+y+a=0, 
x= ±a. 
x=0. 


2. x + y=0. 3. x + y=0. 

5. x=0. 6. x=2 a. 

8. x=0; y—0; x+y=0 . 9 . t/ = 0. 

11. x=a; y=a; x=y. 12. x = =fca. 

14 . x=a. 16 . x=±l; t/=x. 

x=0; y=±(^x + 7 ^ S j . 17 . x + 2y=0; x+y=l; x-y=-l. 

x=0; x-y= 0; x-y + l=0. 19 . y=0; x=y; x=y±l. 

x-2y=0; x + 2y= ±2. 21. x+y= ±2 *J2; x+2y + 2=0. 

y=3x-2a; x + 3y= ±a. 


Page 126. 


x*- 6x 2 t/ + llxf/ 3 - 


. x* v 2 , 
3. -y + fjr = l* 
a 2 o 2 
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Page 129. 


1. 

0=0. 

2. r sin 0 = a. 

8. 

nr sin f 0 - =a see far, where & is any integer. 

4 . 

rsin0=a. 

5. r oos0= 2a. 

6 . 



7. 

r sin ^0 - ^ , where k is any integer. 

8. 

n0=far , where ft is any integer. 



Page 130. 

1. 

•9k 

II 

a a 

4 . 

x= ±1, y=x. 5. 

rH 

II 

H 

O 

e 

II 

H 

7. 

x=2, y = l, y=x+l. 

II 

«Sk 

© 

II 

>k 

00 

9. 

x±y= ± JcP-bPfi. 

10. x— ±a. 

11. 

y-x + a=0, y + x-a 

= 0. 12. x=y + 2. 

18. 

x= ±2, y-x=0. 

14. x±2y= ± 


15. x=0, y-x Ja= — y+x*Ja= . 

2 2 Va 

16. &r + 4y=0, y - 2x=0, y-2x+3=0. 

17. &c + 4y=0, y-2x+l=0, y - 2a; + 2=0. 

18. y=±x, y -2x + l=Q, y-2x+2=0. 

19. r sin |(2& + 1) ^ = | coseo (2* + 1) ^ , where A: is any integer. 

20. r sin0=2a, r=o. 21. r sin (1±0) + £=O, r=o. 

22. r cos0=a. 28. ~= ± cos 0- sin 0. 

2r 

CHAPTER X. 

Page 141. 

1. p=a; p — aooByp; p=3a sec 4 ^ sin p=aseo\p. 

2. p=z(l+9x*)il&x; p=y*/c; p=a sec^. 8. p=a. 


Digitized by Google 



257 


ANSWERS TO THE EXAMPLES. 

Page 160. 

1. />= 2rl/ai ; p=a/2; p=a m /(m+l) r*"" 1 . 

2. p=a(d»+l)i/0‘; p=a(d*+l)fyd»+2); p=a/2. 

Page 158. 

1. (a) p=5 N /5/6. (6) p= 5^5/22. 

(c) p= - s/2/2 and p= 5^5/18. 

(d) p=15a N /6/14 and p =-^l. 

a 

11 . 2= 7 and 2=1. 


CHAPTER XI. 

Page 166. 

2. 256y 8 + 27* 4 =0. 3. a^ + M/y^c^/a 2 . 

1 2^ u 2 6. (i) 4x 3 +27at/ 2 =0; 

y + 2^u 2 “2y* (ii) y 2 =4h(a + /r-2). 

6. y 2 +4o (2 - 2a) = 0. 7. Two straight lines. 

8. A parabola touching the axes. 

• Page 168. 

1. 27ay 2 =4 ( 2 - 2a) s . 2. (a2)$ + (6y)$=(a 2 - b 2 )^. 

3. (a) 2*+4ay=0, ( 0 ) 42» + 27ay 2 =0, ( 7 ) {p -l)*- l jP+pPay*>-'=zO. 

t « a 

4. (17) 2 2- *+y a “ H =a*-*; (a), (/3), (7), etc. being special cases, their 
answers may be at once tested oy this result. 

n n n 

5. (7) r m ~ n =a m ~ n cos n 0 ; and the results of (a) and 09) may be 
verified by this result. 

6. (a) r®= a 2 cos* 9 + 6* sin 2 0; (p) rcos 0 + asin 2 0=O; 

(7) 2 + a=0; (8) ri=(2a)$ cos| ; 

(e) The auxiliary circle; ({■) r*=sa 2 cos 28; 

(v) r^=a» oos? 9; (0) 

7. Similar loci to the results of 6 but of twice the linear dimensions. 

E.D. C. 17 




Digitized by Google 



258 


DIFFERENTIAL CALCULUS . 


8 . (a) a parabola; 0 ) a point; 

( 7 ) a conic with focus at the pole and of which the given circle 
is the auxiliary circle ; 

(5) a circle through the pole; (e) a circle; 

(f) a rectangular hyperbola; ( rj ) an equiangular spiral; 

-JL JL n A 
( 0 ) r 1 - * = a 1_w cos £ 3 ^ 


9. (a) *Jx + J~y=Jc; 
(m-f 


(/3) xl + y$=c%\ 


(7) 


- X w *2/ w = C ™ 

m m .n* 9 


10. (a) «±y=±c; 


(j8) x tl +*+y n+2 =c n +*- 1 


(y) 


m m n n 

11 . (a) a£+y^=c*; 


(j8) x 2n+1 + y 3,1+1 =c* ,H ' 1 ; 




mp mp mj» 

12 . x m+ i J +y wl ^=c w +P. 15. A circle. 


CHAPTER XII. 

Page 182. 

1. A parabola with focus at the origin. 

2 . A conic with focus at the origin. 


k 2 \t 1 „ 

sec -0. 


Hi) 


— /w\«+i 


6 . xl m y n 


m m n H 


( m+n )«+*** 
8 . ( aa?)**” 1 + (& y ) m _ 1 = fc mr_1 . 


7. x w_1 + y n_1 


3. A circle, 
w . 

860 jtti* 

j S \S=i 


-© 


CHAPTER XIII. 


Page 196. 

14. Area = 2 ab. 15. a 8 / 2 ?. 16. abcjsjs- 

17. 4a 8 /27. 18. pPq^a^l(p + q)^. 20. 3^3/8, 
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21. If a>6Max.=a, Min. = 6) 

If a<b Max. = b. Min. = a) 

24. If a and b are the sides the maximum area = i (a + 6)*. 

a 

(A Max. when chords coincide with Transverse Axis and Lat. Reel 
(A Min. when chords are equally inclined to Transverse Axis. 

Page 204. 

5. Max. value =34, Min. =33. 

8. x — -2, -1, 1, 2 give Max. and Min. alternately. 

8. At x=l, y — Max. ; x=3, y = Min. 

At x =2 and x=4 there are points of contrary flexure. 

4 

10. At x=2, y=Min. At x =- , y=Max. 

o 


Page 206. 


1. (a) Max. for x— 2--^; Min. for x=2 + -j=. 

(6) *s=l, 2, 3 give respectively a Minimum, a Max., and a Min. 

(c) If a>b x=a gives a Min. ; * = gives a Max. 

o 

If acb x=a gives a Max.; * = - 2 - ^ - a gives a Min. 


(d) If a >6, the positive value of y is a Max. when x=(a+46)/5. 
The negative value is a minimum. Also when x=cl, y= 0 
and there is a maximum ordinate for the portion of the curve 
beneath the x-axis, and a minimum ordinate for the portion 
above the axis. 

If a < b the point (a, 0) is an isolated point upon the curve. 


2. (a) The greatest and least values are respectively ± JaP + V*. 


(b) If a>6 


[Max. =s a, 
I Min. =&. 


If a<b 



6 , 

a. 


(C) 


(d) Max. = — — r when tan $ = ± 
' a+b 



(e) Min. = a+b. 
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... , s/S V x —1 X —1 3x 

(/) ^tan” 1 -^, j,f-tai T ,f + hn»- f , y. 

Js 

2x - tan” 1 . . . give maxima and minima alternately. 


3. (a) x=l gives a minimum, s=(-t- - 1)/8 gives a maximum and 

*=(- ,yi7-i)/8 a minimnin . 

(6) 2=0 gives a minimum, x= ±^/3 give maxima. 

(c) x=nT+^ give maxima, x=mr + give minima. 

(d) x=e gives a maximum. 

(e) The solutions of » where k is any integer, give maxima 

and minima alternately, beginning with k= 1; omitting when 
n is even those solutions for which k is zero or a multiple of 
n + 1. 


4. (a) The roots of ^ a - = Ji 2 . 

(b) Min. value = 2c Jab. 

(c) Max. and Min. values respectively = ± 2 sin ^ . 

a 


(d) Max. and Min. values respectively =1 =fcoosa. 


#. i ry* 


6. 


ap aq 
P+1' P + T 


7. A Max. when the segment is a semicircle. 
A Min. when the radius is infinite. 


14. If height of cone be h and semivertical angle = a, Max. Volume 

4 

of Cylinder = — vh 8 tan 2 a. 

20. Half the triangle formed by the chord and the tangents at its 
extremities, or three-fourths of the area of the segment. 


CHAPTER XIV. 

Page 212. 


1. log&a. 

* l 

* i 


5. 1, 

2 

7. 4. 

1 

2 

1 

S' 

8 - 3- 

*• V 

!0. j 
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Page 217. 

l. «. 2. ?. s. 0;i ( ». 4. l. e. 

Page 219. 


1. 

2. 

>• }• 

3. 2. 

vi- 

5 . - 1 -, 

a 

6. 

4. 7. 

4m s 

m-_. 

8 . -f 

9. e. 

10. 1. 

11. 

If n > 77i, 

A 

ao; n =m, — ; 

a 

n<m, 0. 

12. 1. 

18. 1. 

14. 

*Ja, 

»•! 

• 

16. a— - 2; Limit = - 1. 


17. a 2 = - 4 ; a a =5; Limit =1. 18. a 2 = -4; a 2 =3 ; Limit =8. 

11 1 4 

19- <h = ~2< °a = 2 ; “* =0; Lim i t =-3- »• Jg- 

22. A 23. «*. 24. (a) (6) «*; (c) «*. 


MISCELLANEOUS EXAMPLES. 


5. (l)ei ;( 2)«;(3)?. 7. 

»• (i) 1 5 (ii) -1; (iii) 1; (iv) -L. 


18. 8 (x - 1)>. 


23. 


(~l)"nl | 1 


10 . 25. 


.. 108 (x-1)* 27 

(x+2)' ’ 8 ’ 


|(x + 2)*« (x+4)*+»} 

“(* + ^)-«o°8 (* + *£), 


26. Psin 

'where P=x m - n C 2 m (m - 1) a**- 2 + n C 4 m (m - l)(m- 2)(m - 3) a**- 4 - 
and Q = *C 1 wix m “ 1 - n C 8 m (m - l)(m - 2) x m ~ 3 + . . . 

42. At the origin and at the points of intersection with y=x 


43. Half a right angle. 


46. 


4 ' 
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57. (i) x±y= 0; (ii) 2=0, x=2a. 

58. x=2y - 14a, x=3y + 13a t x-y=a, x-y—2a. 

59. 0, 1, -g. 60. When y=±x*Jn. 

61. Maximum area =4^ sin a oos 8 a, where r is the radios of the circle 
and 2a the given angle. 

63. The Centroid is at the oentre. 65. a. 


66 . 


67. 


68 . 


69. 


72. 


If m be even x and 2=(2X+1)^ , where k and X are in- 

tegers. If the several angles be arranged in order of magnitude 
we have Max. and Min. alternately, beginning with 2=0. 

If m be odd the solutions which give Max. and Min. are those of 

2 = — , , and we have Max. and Min. alternately, beginning 

771 + 1 

with 2 = 0 . 


2=0 gives a maximum. Then the series of angles (arranged in 

In _ j 

order of magnitude) defined by sin 2=0 and by cos 2 = — ^ 

give alternate ma.Tima and minima 


Alternate Max. and Biin. are given by 2 = far + j . k=0 gives 
a max. 


If the breadth be 2a the minimum length of crease is 

a 


and 


minimnm area = 


I a>b Max. if 2 = 


8a 2 
a + 2b 


ja<6 Max. if 2 = a, 

(a = b gives a point of inflexion. 


75. y 1 ( 2 + 16a) 2 + 4 {6y 2 - (2a - 2 ) 2 } {y 2 - 3a (2a - 2 ) } = 0. 
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